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mary

is report describes two systems, consisting of ALGOL 60 procedures,
be used for formula manipulation.

s first system is able to handle a rather general set of formulae,
ilt up by means of numbers (including complex numbers), algebraic
~iables, polynomials, the operators: +, -, *, /, + and the function

mbols: exp, ln, sin, cos, arctan, sqrt.

> main capabilities of this system are:
Simplification, which is illustrated best by the examples:

p]
- 1%/&2 + 2x + 1) is simplified to (-2x + 2)/(-2x - 3) and

ng(x +y) + cosz(y + x) is simplified to 1.

Polynomial manipulation; the polynomials are treated as truncated

power series with arbitrary formulae as coefficients.

sides these, there are less important capabilities such as:

Differentiation,

Complex conjugation,

Substitution,

Finding the coefficients ofcertain products of algebraic variables
occurring in a formula,

Outputting a formula,

Inputting a formula, with some simple instructions, from input tape.

e other system can handle formulae which are built up by means of
gebraic variables and the operators + and .

s capabilities are only differentiation and outputting.




troduction

lectronic digital computer, already intensively used in numerical
matics, will be used more and more in other branches of mathematics.
f these branches is elementary algebra, used throughout mathematics
hysics.
curs frequently that one has to do quite an amount of long and
us, but elementary algebraic calculations, to solve some problem
ay, mathematical physics.

for these calculations, henceforth called "formula manipulation',
the computer may become usefull.
ossible systems to instruct the computer to manipulate formulae are

ibed in this report.

‘e these systems are discussed it is necessary to elucidate the term
wla manipulation'.

Jean Sammet [é] the following rather rough definition is borrowed:

ula manipulation means the use of a computer to operate on mathe-
al expressions in which not all the variables are replaced by num-

and in which some meaningfull mathematical operation 1s to be done...'".

is report the mathematical expressions are particular arithmetic

'ssions (see the ALGOL 60 report D]), which, 1n the sequel, are

:d formulae; the form of the formulae is described in sections 2 and

e meaningfull mathematical operations are for example: differentia-
simplification, complex conjugation, finding a common divisor of

‘ormulae, substitution.

wo systems, with which one can manipulate formulae on a computer,

st of sets of ALGOL 60 procedures.

ystem, described in section 2, manipulates formulae of a very simple
and is therefore called the simple system.

‘ormulae of the simple system may be built up with algebraic variables
;he operators + and .

.apabilities of this system are differentiation and outputting.




other system, described in the rest of the report, manipulates
ulae which may be built up with numbers (including complex numbers
braic variables, polynomials (1.e. truncated power series with
trary formulae as coefficients), trigonometric and logarithmic
tions and the operators +, —, =, /, *.

system, called the general system, has the following capabilities
lification, polynomial manipulation, differentiation, complex con-
tion, substitution, finding the coefficients of certain products
lgebraic variables in a formula, outputting and inputting formulae

input tape.

reason to describe both systems is mainly that the simple system
es as an introduction to the general system; a program using the
le system is completely explained.

over, due to the fact that the simple system is much shorter and
iderably less time consuming than the general system, it may be
usefull than the general system in all those formula manipulation
e the formulae have the simple form as defined above. Even if the
ulae are more complicated, e.g. as constituants also numbers and
perators also the integral power 1s allowed, but in which the

sion operator does not occur, then the simple system can be very
ull since it can easlily be extended into a system which handles

e formulae and which has e.g. the capability of simplification.
act, the combination of division and simplification in the general

em is one of the reasons why it 1s so lengthy and time consuming.

ion L4 gives the user information necessary for using the general
em as a 'black box'".

way in which formulae are represented in the computer is described
ections 5 and 6.

ion 7 describes the procedures for the basic operations, such as
ing a formula, extracting information of stored formulae and

ing formulae.

procedures for the basic arithmetical operation and for the trigo-

tric and logarithmic functions are described in sections 8 and 9.




Simplification algorithms are treated in section 10, while algorithms
for the quotient and the greatest common divisor are described in
section 11. Some remarks on storage allocation are contained in sectio:
12. S§ction 13 contains supplementary equipment in the form of ALGOL 6
procedures for differentiation, complex conjugation, substitution, and
finding the coefficients of certaln products of algebraic variables
in a formula.

The last sections 14 and 15 are devoted to outputting formulae and
inputting formulae from input tape.

A program is reproduced which reads input tape on which formulae in
polish notation and instructions may be put, as e.g.

f :=%+a, b~-a, by g := SIMPLIFY(f); OUTPUT(g);

There exists already quite a number of publications on the subject of
formula manipulation, almost all reviewed in the already quoted paper
&a and in the papers [3,&] of the same author.

Several systems for formula manipulation are developed, such as FORMAC
Eﬂ or Formula ALGOL [6], to mention two important and general systems
All these systems have, however, the disadvantage that they require
special translators.

Another disadvantage is that a user, who has access to a computer for
which one of these systems is written, has to know machine code if the

system has to be somewhat modified.

Since both systems described in this report are completely written in
ALGOL 60, everyone who has access to a computer with an ALGOL compiler
can not only use them, but can also write some modified system which
can solve his special problem.

Furthermore, a consequence of writing the systems in ALGOL 60 is their
unambiguous definitlons.
The disadvantages of in particular the general system should also be

mentioned: the system needs much storage space, it needs much time and

it needs much space for storing formulae.




»ne does not need the full generality of the system one may modify
system so as to galn storage space and time. Another way of obtaining
> efficiency 1s to write a machine-code procedure for storing formulae

1 compact form.

applications of preliminary versions of the formula manipulating
;em, the reader is referred to [3,8,9] in which programs are dis-

sed for obtaining respectively:

she second order solution of the (non-linear) Navier Stokes equations
>led with the (non-linear) diffusion equation, together with compli-
:d boundary conditions at a free surface of a liquid;

che Taylor expansion of functions defined by the so-called Cauchy
>lem, i.e. a set of partial differential equations (implicit in the
1est derivatives), with initial values; '

che asymptotic expansion of rather arbitrary integrals by means of

method of steepest descent (the saddle point method).

procedures constituting the simple system are reproduced compactly,
reas the reproductions of the procedures constituting the general
em are scattered throughout the text; they are preceded by the

cence: "This is a part of the general system'.

> critical remarks leading to a considerable improvement of the text
in particular, sections 1, 2, and 3, are due to professor

7an Wijngaarden.

programs reproduced in this report were all run and tested for

)L correctness on the Electrologica X8 computer, and some of them

the Electrologica X' computer, both of the Mathematical Centre.

uable assistence was given by P.J.J. van der Laarschot and his staff.
the X8 the ALGOL compiler written by F.E.J. Kruseman Aretz was used,
le the two ALGOL compilers respectively written by E.W. Dijkstra

J.A. Zonneveld and by P.J.J. van der Laarschot and J. Nederkoorn

2 used for the X1.




A simple formula manipulation system

>r to the sections which describe the general system, this section
tains a completely worked out program, which does some very simple
nula manipulations.

procedures declared in this program, together with the heading of
program and some initializing statements form the simple system.
neans of the reproduced program it will be shown how the formula
ipulation is internally executed by the computer. Since the intern
resentation of formulae is essentially the same for the simple and
the general system, it is not necessary to explain in the next
tions the detailed mechanism by which the computer treats formulae

the general system.

formulae to be manipulated occur in the ALGOL 60 program as
ticular expressions of type integer.

y are syntactically defined as follows:

rmula> ::= <algebraic variable>|<formula designator>|

<sum>!<product>|<derivative>

zebraic variable> ::= <variable>

rmula designator> ::= <variable>

n> ::= S(<lhs>, <rhs>)

>duct> ::= P(<lhs>, <rhs>)

rivative> ::= DER(<formula>, <algebraic variable>)
5> ::= <formula>

5> ::= <formula>

this definition, which is only valid for this section, certain met
uistic variables were used but not defined; these are defined in t

OL 60 report [1].




le examples of formulae are: which read in ordinary notation:
x

: 1

)ER(a,x), DER(b,x)) sa/3x + 3b/ox

Ly) X sy

.ypical assignment statement in which formulae occur is for example:

~ivative := if f = x then one else

if type = sum then S(DER(a,x), DER(b,x)) else
if type = product then
s(P(a,DER(b,x)), P(DER(a,x),b)) else

Zero

e, derivative, f, a, and b are formula designators; x, one, and zero

> algebraic variables.

comment SIMPLE FORMULA MANIPULATION SYSTEM
050 RPR 180766/01:

ger one,zero,sum,product,algebraic variable k;

,ger array F(1:1000,1:31;

s)ger procedure STORE(lhs,type,rhs); value 1hs,;type,rhss

ger lhs,type,rhs;

in STORE:= k:= k + 13 Flk,1}= lhss Flk,2 k= type: Flk,3}:= rhs end:
sger procedure TYPE(f,lhs,rhs)s value f; integer f,lhs,rhs;

in lhs:= F[f,1}s TYPE:= F[f.2]; rhs:= F[f,3] end;

:ger procedure S(a,b)s y;al___gg_ a,bs integer’ a,bs

if a = zero then b else if b = zero then a else STORE(a,sum,b);

s;ger procedure P(a,b); value a,b; integer a,bs

i_f_a = zero ¥ b = zero then zero else
g_:f‘a = one then b else g’_‘b = one then a else
STORE(a,product,b) g




sger procedure DERI(f,x)s value f,x; integer f,x;

in integer a,type,b; type:= TYPE(f,a,b);

JER:= y;_f = x then one else

if type = sum then S(DER(a,x),DER(b,x)) else
if type = product then S(P(a,DER(b,x)),P(DER(a,x),b))
Zero

DER;

ALIZE: sum:= 13 product:= 2; algebraic variable:= 33 k:=

:= STORE(0,algebraic variable,0);

0:= STORE(0,algebraic variable,0);

‘AL PROGRAM:

in integer f,%,y3

rocedure PR(s); string s;

omment PR prints the string s without the string quotes +
'RINTTEXT(s);

rocedure OUTPUT(f); value f; integer f;

vo

egin integer a,type,bs type:= TYPE(f,a,b);

if f = one then PR(1}) else

if f = zero then PR(0}) else

if f = x then PR(x}) else

if f =y then PR(4y}) else

begin PR({(}); OUTPUT(a);
if type = sum then PR({+}) else
if type = product then PR({x});
OUTPUT(b); PRE)})

ad end OUTPUT;

= STORE(0,algebraic variable,0);

;= STORE(0,algebraic variable,0); NLCR;

S(x,y)s OUTPUT(f); NLCR;

P(x,y)s OUTPUT(f); NLCR;s

1

i




= P(S(x,y),S(x,y))3 OUTPUT(f)3 NLCR;
= DER({,x); OUTPUT(f)3 NLCR;3
= DER(f,y)s OUTPUT(f); NLCR

program consists of two blocks.

outer block, containing a number of procedure declarations and some

.ements labelled INITIALIZE, is standard and forms the simple system.
inner block, labelled ACTUAL PROGRAM, is ad hoc and defines the

‘ific formula manipulations to be performed.

variables of type integer one, zero, sum, product, algebraic variable

k, declared in the heading of the program, get values after the label

'IALIZE.

variable kX is used as a pointer in the array F[j:1000, T:i], in which

formulae are internally represented.

rill be seen in the sequel, all algebraic variables and all formula
gnators occur in the program as variables of type integer.

sxecuting the program, they become equal to integers which define the
vtion in F where the internal representation of the corresponding

1ulae are stored.

effect of executing the following statements will now be examined:

]

one STORE (0, algebraic variable, 0);

1}

Zero STORE (0, algebraic variable, 0)

procedure STORE augments k by ' (k was originally 0) and stores the
se values of its three parameters: lhs, type and rhs into FE&,{],

,éj and F[k,jj respectively; moreover STORE itself becomes equal to k.
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, after executing the above statements, one = 1 and zero = 2.
hermore, F[1,1] = 0, F[1,2] =3, F[1,3] = O,
F[2,7] =0, F[2,2] = 3, F[2,3] = 0.

he sequel this is abbreviated to:

I
]
1]

one = 1(0,3,0),
2(0,3,0);

zero
first statements of the actual program are:

x := STORE(O, algebraic variable, 0);
y := STORE(O, algebraic variable, 0),

eupon x and y get the values 3(0,3,0) and L4(0,3,0) respectively.

effect of the statement NLCR is to give the printer a New Line

iage Return command.

next statement is f := S(x,y) and f gets the value 5(3,71,4), since
her x nor y are equal to the variable zerc. The effect of the
ement OUTPUT(f) is the printing of the character string "(x+y)".
can be seen as follows:

zans of the procedure TYPE, which i1s the counterpart of the proce-
STORE, the variables a, type, and b of OUTPUT get the values 3, !
4 respectively.

e f 1s not equal to the varilables one, zero, x or y, the character
is printed.

11 for OUTPUT(3) has the effect of printing "x'".

> type = sum the character "+" is printed.

character "y" is printed after a call for OUTPUT(4), and finally
character ")" is printed.

effect of the statements f := P(x,y) and OUTPUT(f) is: f = 6(3,2,4)

n

she characterlist "(x=y)" is printed.

re complicated statement is f := P(S(x,y), S(x,y)).
oarameters a and b of the procedure P are called by value, thus they

zalculated beforehand;




sts the value 7(3,1,4) and b the value 8(3,1,k4).

e neither a nor b are equal to one or zero, P and thus f gets the
1e 9(7,2,8).

procedure OUTPUT will now print the character string

cry) = (x+y))".

statement f := DER(f,x) 1s discussed now and the roles of the

sbraic variables one and zero will become apparent.

variables a, type and b of DER get the values 7, 2 and 8 respecti-
r. DER becomes equal to S(P(7,DER(8,x)),P(DER(T7,x),8)).

st P(7T,DER(8,x)) will be calculated and this in turn activates the
»ulation of DER(8,x).

-he calculation of DER(8,x),a, type and b of DER become equal to 3,
and 4 respectively. DER becomes equal to S(DER(3,x),DER(L,x)).
(3,x) gets the value of one and DER(L4,x) the value of zero.

1e,zero) becomes equal to the value of one, and thus DER(8,x) = one.
,DER(8,x)) becomes equal to T, since the parameter b of P is equal to
value of one.

-he same way P(DER(T,x),8) gets the value 8.

111y DER(f,x) and thus f getsthe value 10(7,sum,8).

OUTPUT prints the character string "((x+y)+(x+y))".

s
is left to the reader to verify that the effect of the last state-
=E

f := DER(f,y) and OUTPUT(f)
that f gets the value 11(1,1,7) and that the following character

ing is printed: "(1 + 1)",
3 section is closed with the following remarks:

\s shown above, the computer handles a formula by means of a number
#hich defines the location of the internal representation of this
formula in the array F.

The actions of the procedures STORE, S, P and DER consist primarily
>f side-effects,namely storing formulae, while the calculated values

f the procedure identifiers are only important within the computer.




The programmer 1is interested in the form of a formula such as it
is stored in F, but not in the actual value of the corresponding
formula designator.

In the discussion of the next sections, therefore, reference is
made to the formula which belongs to a certaln formula designator,
instead of the value of this formula designator.

In notation this has the consequence that, for example, the follo-

wing sentence:

"The value of the formula designator corresponding to the formula f
becomes equal to the value of the formula designator corresponding

to the formula g"
is abbreviated to:
"The formula f becomes equal to the formula g"

or more simply: "f becomes equal to g".

For the internal representation of algebraic variables, three array
elements of F were used, whereas one array element, FEK,Q] was effec-
tively used.

The other array elements may be used, however, to store more infor-
mation of the algebraic variables, which will be done 1n the general
system.

If there occur a large number of algebraic variables then one may
also specify an algebraic variable as having, in the computer, a
negative value 1in contrast to all other formulae.

The procedure TYPE has to be changed in such a way that 1t takes

care of this situation.

The array F was used to store formulae; evidently there will be
difficulties if there are more than 1000 formulae to be stored.

In the general system this problem 1s solved by using two devices:
one 1s to use an own array F declared in the procedure body of

INT REPR, which can grow 1f necessary until the program runs out of
all available storage space, the other is to provide the user the

means to erase uninteresting formulae.
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If the user wants a system which applies the distribut: W to
formulae, he may use instead of the procedure P the fo. z
procedure:

integer procedure P(a,b); value a, b; integer a, b;

begin integer ta, tb, la, 1lb, ra, rb;
ta := TYPE(a, la, ra); tb := TYPE(b, 1b, rb);

P := if a = zero Vb = zero then zero else

if a = one then b else
if b = one then a else
if ta = sum then S(P(la,b), P(ra,b)) else
if tb = sum then S(P(a,lb), P(a,rb)) else
STORE(a, product, b)

end

Using this procedure,all formulae are stored internall xpande

form.




ik

 form of formulae in the general system

rmulae used in the general system which occur in an ALGOL 60

m should have the form syntactically defined-below, in which

inguistic variables used but not defined are defined in the

60 report [1].

la> ::= one|zero |<algebraic variable> | <formula designator>|
ﬁsum>1adifference>]<product>[<quotient>[

<power> |<integral power>|<number> |<polynomial> |

<function> |<extended sum-|:derivative>|<simplified formula- |

<result of substitution> |

<complex conjugate>
<integral quotient> |<common divisor-

<variable->

It

»raic variable>

1la designator> ::= <variable>

::= S(<lhs>, <rhs>)

srence> ::= D(<lhs>,<rhs>)

ict> ::= P(<lhs>,<rhs>)

lent> ::= Q(<lhs>,<rhs>)

~> ::= POWER(<lhs>,<rhs>)

::= <formula>

::= <formula>

sral power> ::= INT POW (<formula>,<integral arithmetic expression>)

sral arithmetic expression> ::=<arithmetic expression>

:r> ::= <integer number> |<real number> | <complex number-

zer number> ::= IN{(<integral arithmetic expression>)

number> ::= RN(<arithmetic expression>)

lex number> ::= CN(<arithmetic expression>, <arithmetic expression>)

aomial> ::= POL(<integer variable>, <degree>, <formula>,
<coefficient depending on integer variable>)

ger variable> ::= <variable>

::= <integral arithmetic expression>

(1))
\%

e
ficient depending on integer variable> ::= <formula>
tion> ::= <special function designator>

ial function designator> ::= <special function identifier>(<formula>)
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ecial function identifier> ::= EXP|LN|SIN|COS|ARCTAN |SQRT
tended sum> ::= Sum(:<integer variable>, <integral arithmetic
expression-, <integral arithmetic expression>,
<formula depending on integer variable>)
rmula depending on integer variable> ::= <formula>
rivative> ::= DER(<formula>, <algebralc variable>)
mplified formula> ::= SIMPLIFY(<formula>)
mplex conjugate> ::= CC(<formula->)
sult of substitution> ::= SUBSTITUTE(<«formula>, <integer variable>,
<integral arithmetic expression>, <integral
arithmetic expression>, <formula depending on
integer variable>, <formulas depending on integer

variable>)

tegral quotient> ::= QUOTIENT(<formula>, <formula>, <rest>)
st> ::= <formula designator>
mmon divisor> ::= COMMON DIVISOR(<formula>, <formula>)

following remarks are made:

An integral arithmetic expression 1s an arithmetic expression of
type integer.
degree is an arithmetic expression taking non-negative integral

values only.

Examples of coefficient depending on integer variable and formula
depending on integer variable are RN(1/i) or a[i], where aE{j is a

formula designator.

In the sequel formulae will not only be written in the text as defined

above, but also in ordinary notation.

The symbols S, D, P, etc., occurring at the left hand sides of the
above definition, are in fact 1dentifiers of procedures of type
integer (except for one and zero, which are integer varlables) in
the general system.

This means that a formula occurring in an ALGOL 60 program is an

integral arithmetic expression.




>les of formulae are:

2,x%)

0 POW(SIN(x),2), INT POW(COS(y),2))
(1,1)s CN(71,=1))

i,n,x, if i = 0 .then zero else RN(1/i))
[ITUTE(f, i, 1, 2, alils RN(1/1))

)N DIVISOR(Sum(i, 0, 3, INT POW(x, 3-1)), I

1 have in ordinary notation the meaning:

¢+ cosey

)/ (1=1) (i is the imaginary unit)

(2/2 +  eee * xn/n

1e variables a]:“,] and a[2] occur in f, thel

i 3 respectively.

e . 2 ) 2
nmon divisor of x3 +xXx +x + 1 and x - 1

£),one))

are replaced by




fow to use the general system

e are two ways to use the general system.
he tools of the system are sufficient, one may put the formulae

.nput tape and use the program as reproduced in section '5.

other way of using the general system is described in the rest of

; section, it amounts to:

Jopy the general system as reproduced in sections 5-13.

irite a program which defines the operations on formulae to be done,
:his program will henceforth be called "actual program'.

Jombine the general system and the actual program, preceded by the

statement: INITIALIZE and closed by an extra end, to one program.

10st cases it is desirable to output formulae, one may then copy
declaration of the procedure OUTPUT (section 14), in the actual
jram.

;he procedure OUTPUT a call for OUTPUT VARIABLE is made; the
redure OUTPUT VARIABLE should therefore also be declared in the
12l program.

>UT VARIABLE defines the output of a specific algebraic variable.

algebraic variables and formula designators, used in the actual

sram, should be declared in the heading of the actual program as

.ables of type integer or 2as integer array elements. Before the

sbraic variables are used, they should have got a value by means

1 statement of the form:

rebraic variable> := STORE(<integral arithmetic expression>,
algebraic variable, <integral arithmetic

expression>)

easiest way to perform these actions is to write the procedure
>UT VARIABLE in such a way that it combines both the outputting
the 1nitializing instructions.

:xample of a possible declaration of OUTPUT VARIABLE may be found

section 14,
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le internal representation of formulae in the system

:eneral system is constructed 1n such a way that one and zero are
.sented as formulae of the form number (in contrast to their re-
sntation in the simple system), moreover an extended sum, a deriva-
. a simplified formula, a complex conjugate, a result of a substi-
»n, an integral quotient and a common divisor is worked out, 1i.e.
'operators" Sum, DER, SIMPLIFY, CC, SUBSTITUTE, QUOTIENT and

)N DIVISOR are applied to the formulae occurring as parameters.
means that each formula f can be characterized by three quantities
1 will be called: lhs, type, and rhs;

may be: sum, difference, product, quotient, power, integral power,
:r, function, polynomial or algebraic variable.

1e first five cases, lhs and rhs denote the left hand side and the
. hand side formulae with which f is built up.

teaning of lhs and rhs in the other cases is summarized in the

>wing table:

2 lhs rhs

2gral power exponent of f ‘base of f

ser "type" of number location where the
i.e. integer,real or value of the num-
complex ber can be found

ynomial degree of polynomial location where the

argument and the
coefficients can

be found

ction "type" of function argument of function
i.e. exp, ln, sin,

cos, arctan or sqrt

ebralc variable may be used to define extra information
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e heading and the procedure INT REPR

eading of the general system runs as follows:

omment GENERAL SYSTEM for FORMULA MANIPULATION
0 RPR 290466/03/05/063

er sum,difference,product,quotient,power,integral power,
er,polynomial ,algebraic variable,function,
er,real,complex,expf,inf,sinf,cosf,arctanf,sqrif,
ero,minone,im unit,dis

drgnully Boolean expands integer array da[0:0];

alues of the declared integer variables, except for the integer
bles one, zero, min one, im unit and di, are used in‘defining
haracterizing quantities lhs, type and rhs of the internal
sentation of formulae. The integer variables one, zero, minone
m unit will correspond to formulae of the form number, which in

ary notation read: 1, 0, -1 and i respectively.

ummy" variables the variables di, dr and the array da are declared

. used as uninteresting actual parameters in some procedure calls.

-eneral system has its own arithmetic.

ex numbers with imaginary part smaller than the real variable
are transformed into real numbers; real numbers lying near an

;er number, within the accuracy defined by null, are transformed
integer numbers.

lae in the general system can be treated in two ways:

., the formulae may be stored as they stand, in this case the

:an variable expand = false.

second way is that the formulae are stored in expanded form, i.e.

jistributive law and other laws are applied; in this case expand =
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eclaration of the procedure INT REPR is now reproduced.
ugh INT REPR is, as far as the storage of formulae is concerned,

eystone of the general system, the actual form of it is not very

esting.

nent This is a part of the general systems
sdure INT REPR(case,,formulaglhsgtypegrhsgrnum,inumgcoeff)g value case

er case,formula,lhs,type,rhss real rnum,inums; integer array coeff;

L OWn integer k,krn,kengkpol index,kmax,krnmax kecnmax,kpolmax,
rree max,indexmaxs integer i3 i_f_oase :% 1 ’E‘Ee_l,l_ &9‘;9_ As

: krns= kecns= kpol:= index:= 03

1ax:= kraomax:= kcnmax:= kpolmax:= indexmax:= 13 degree max:= lhss
l1:= rnums diz= 03 dr:= 03 da[0):= 0; expand:= formula = 13

m:= 13 difference:= 23 product:= 33 quotient:= 43 power:= 53

egral power:= 63 number:= 73 polynomial:= 83 function:= 93

rebraic variable:= 103 integer:= 13 real:= 23 complex:= 33

pfe= 13 Inf:= 23 sinf:= 33 cosf:= 43 arctanf:= 53 sqrif:= 63

agin own integer array F[1:kmax,1:3),FPOL[1:kpolmax~i:degree max},
INDEX[1:indexmax,1:4 s

own real array FRN[1skrnmax],FCN[1:kcnmax,1:2]s

switch CASE:= END,STORE FORM,STORE REAL NUMBER,STORE
COMPLEX NUMBER,STORE POLYNOMIAL,TAKE FORM,TAKE
REAL NUMBER,TAKE COMPLEX NUMBER,TAKE POLYNOMIAL,
FIX,ERASE,LOWER INDEX,FIXED,REPLACE,MAKE SPACE;

goto CASE[casel;
'ORE FORM: g‘k < kmax then k:= k + 1 else

begin kmax:= kmax + 253 goto A ends
Flk,1}:= lhs; Flk,2)= types Flk,31l:= rhs; formula:= k3
case:= if type = number then (ii lhs = real then 3 else if lhs =

complex then 4 else 1) else if type = polynomial then 5 else 13

goto CASE[casels;
'ORE REAL NUMBER: g_‘krn < krnmax then krn:= krn + 1 else

begin krnmax:= krnmax + 253 go’to A end;
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FRN[krn}= rnum; F[k,3]:= krn; goto END;

ORE COMPLEX NUMBER: if ken < kenmax then ken:= ken + 1 else
Jegin kenmax:= kenmax + 255 goto A ends

FCN{ken,1 k= rnum; FCN[kcn,2)= inum; Flk,3 k= kens goto END;

ORE POLYNOMIAL: if kpol < kpolmax then kpol:= kpol + 1 else
segin kpolmax:= kpolmax + 255 goto A ends

FPOL[kpol,~1):= rhs; for i:= 0 step 1 until lhs do

FPOLI[kpol,ile= coefilil; Flk,3}:= kpols goto END;

KE FORM: lhs:= F[formula,l]; type:= Flformula,2]; rhs:= Flformula,3.
iQQ ENDs

.KE REAL NUMBER: rnum:= FRN[F[formula,3]}i; goto END;

.KE COMPLEX NUMBER: rnum:= FCN[F[formula,3],1]s

inum:= FCN[F[formula,3],2]; goto END;

.KE POLYNOMIAL: for i:= 0 step 1 until 1hs do

soefflils= FPOL[F[formula,3},il; rhs;= FPOL[F[formula,3],-1]; goto ENT
X: if index < indexmax then index:= index + 1 else

segin indexmax:= indexmax + 1035 goto A ends INDEX[index,1}:= k3
INDEX[index,2l:= krn; INDEX[index,3]:= kcns INDEX[index,4 }:= kpol}
& ENDs

}ASE: ke= INDEX[index,1]; krn:= INDEX[index,2]; ken:= INDEX[index,3 I3
spol:= INDEX[index,4 s index:= index - 13 goto END;

WER INDEX: index:= index - 1; goto END;

XED: type:= if formula < INDEX[index,1] then 1 else 0; goto END;
‘PLACE: F[formula,l}= F[lhs,1]; Flformula,2:= F[lhs,2];
Flformula,3}= F[lhs,3]; goto END;

\KE SPACE: kmax:= ks krnmax:= krnj kcnmax:= kcns kpolmaxs= kpols
indexmax:= index; case:= 13 goto Aj

D: end

INT REPR;
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sans of the procedure INT REPR, formulae are stored, information

. stored formulae 1s defined, formulae are- erased, storage space

ide available and the necessary initializing statements are

ited.

sffect of a call for INT REPR with its parameter case equal to

, 6, T, 8, 9,-10, 11, 12, 13, 14 and 15 will now be discussed.

; remarked that the next section contains 15 procedure declarations;
one corresponds to a label of the switch CASE.

= 1: The variables declared in the heading get values (except for
1e, zero, min one and im unit);

1e own .declared variables k, krn, ken, kpol, index (used as pointers
1 the arrays F, FRN, FCN, FPOL and INDEX), kmax, krn max,ken max,
s0l max and index max (used as bounds of the same arrays) get values;
1e variable degree max gets a value defining the maximal degree of
1e polynomials.

1e second block of INT REPR contains the declaration of the above
antioned arrays.

is used to store all formulae, in FRN and FCN the values of real
sspectively complex numbers are stored; the coefficients of poly-
omials and the argument are stored in FPOL.

1 INDEX fixed values of the pointers k, krn, ken and kpol are stored.

= 2: The three characterizing quantities: lhs, type and rhs are stored
a1 F, possible values of numbers or polynomials are stored in FRN, FCN

ad FPOL; moreover the parameter "formula' gets the value of k.

=6, T, 8, 9: the process as described for case = 2 is reversed:
he contents of the array elements defined by the value of "formula"

s set 1in the parameters of INT REPR.

= 10: The values, at the moment INT REPR is called with case = 10,
f the pointers k, krn, ken and kpol, called fixed pointers, are stored

n INDEX.

= 11: The pointers k, krn, ken and kpol are set equal to the lastly
tored fixed pointers, moreover these fixed pointers are removed from

NDEX.
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12: The lastly stored fixed pointers are removed from INDEX.

1]

13: INT REPR investigates whether the parameter "formula" has
value less than or equal to the lastly stored fixed pointer k.
In this case the corresponding formula was stored before this

>inter was fixed.)

= 14: The contents of a given formula is replaced by the contents

f another formula.

= 15: The lengths of the arrays are (in general) diminished, so
3 to obtalin more storage space in the computer for other work

1ich has to be done.

sk: If one does not have an ALGOL 60 compiler which accepts own ar:
the arrays F, FRN, FCN, FPOL and INDEX should be removed from
REPR and they should be declared in the heading of the general

am.

irraybounds should then be given beforehand, e.g. by means of

>rs on input tape, or by means of some number which defines the

L amount of storage space still available in the computer.
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The basic procedures

> procedures to be discussed in this section form the connection
-ween the rest of the general system and the procedure INT REPR.

sy are used throughout the program, and are called basic therefore.
nore efficient system would be obtained by replacing INT REFR by
nachine code subroutine, which stores the formulae in a more compact
rm.

= basic procedures should then be connected with this subroutine,

eir meaning and their declaration should,however,be maintained.

e declaration of the basic procedures now follows:

mment This is a part of the general systems

ocedure INITIALIZE;

gin real null; integer i,j; js= read; null:= abs(read);

i:= read; INT REPR(1,i,j,di,di,null,dr,da);

one:= STORE(integer,number,1); zero:= STORE(integer,number,0);
minone:= IN(-1); im unit:= CN(0,1); FIX

d INITIALIZE;

teger procedure STORE(lhs,type,rhs); value lhs,type,rhss;

teger lhs,type,rhs;
_g_lzg in‘teger f; INT REPR(2,f,lhs,type,rhs,dr,dr,da)s STORE:= f end;

teger procedure IN(i); value i; integer i3

1 =1 then IN:= one else if i = 0 then IN:= zero else
gin integer f3 INT REPRI(2,f,integer ,number,i,dr,dr,da); IN:= f end;

teger procedure RN(r)s value r; real rg

r - entier(r) < null then RN:= IN(entier(r)) else
- r - entier(- r) < null then RN:= IN(- entier(- 1)) else
gin integer f; INT REPR(2,f,real ,number,di,r,dr,da); RN:= f end;

teger procedure CN(r,i); value r,i; real r,i;

_abs(i) < null then CN:= RN(r) else
:gin integer f; INT REPR(2,f,complex,number,di,r,i,da)s CN:= { end;
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er procedure POL(i,degree,x,coeffi); value degree,x;
rer i,degree,x,coeffis

integer f3 integer array coeffl0:degreels

1
- i:= 0 step 1 until degree do coefflik= coeffis

T REPRI(2,f,degree,polynomial x,dr dr,coeff); POL:= f

POLs

er procedure TYPE(f,lhs,rhs)s value fs integer flhs,rhs;

1 integer t3 INT REPRI(6,f,lhs,t,rhs,dr,dr,da)s TYPE:= t ends
sdure VALUE OF INT NUMI(f,i); value fs integer f,is
REPRI(6,f,di,di,i,dr,dr,da)s

edure VALUE OF REAL NUM(f,r); value fs integer fs real r3
REPR(7 f,di,di,di,r,dr,da)s

sdure VALUE OF COMPLEX NUM(f,r,i); value {5 integer f3
r,i3 INT REPR(8f,di,di,di,r,i,da)s

sdure COEFFICIENT(f,degree,x,coeff); value f,degree;

er f,degree,xs integer array coeffs
REPRI(9,f,degree,di,x,dr,dr,coeff) s

sdure FIX3 INT REPR(10,di,di,di,di,dr,dr,da)s

adure ERASE; INT REPR(11,di,di,di,di,dr,dr,da);

sdure LOWER INDEX; INT REPR(12,di,di,di,di,dr,dr,da)s

zan procedure FIXED(f); value fs integer fs

| integer t3 INT REPR(13,f,di,t,di,dr,dr,dajs FIXED:= t = 1 ends
sdure REPLACE(f,g); value f,g; integer f,g3
REPR(14,f,g,di,di,dr,dr,da);

sdure MAKE SPACE; INT REPR(15,di,di,di,di,dr,dr,da);

scription of these procedures and some comment is given below:

‘ALIZE: A call for INITIALIZE is necessary before any action of
yrogram.

rariables used in the general system get values.

input tape INITIALIZE reads by means of the not-declared procedure
the values of:
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the maximal degree. of the polynomials,
the real variable null,
the Boolean variable expand, which becomes true if the read
number is equal to 1.
nally, the integer variables one, zero, min one and im unit get
lues; by a call for FIX, the formulae corresponding to these

riables are protected against (possible) erasing.

'ORE, IN, RN, CN, POL: store a formula. To the procedure identifiers
mbers are assigned, defining the location of the internally repre-

nted formula.

[ stores an integer number with value i. If i is possibly 1 or O
then IN becomes equal to one or zero.
It 1s evident now why the formulae one and zero were not stored

in INITIALIZE by the statements one := IN(1!) and zero := IN(0).

[+ stores a real number, with value r. The real number is stored as
an integer number if r lies close to an integer number (within the

precision defined by null).

[: stores a complex number with value r + V-1 i, If i = 0 (within
the precision defined by null), the complex number is transformed

into a real number.

mark: a consequence of the structure of IN, RN and CN is that e.g.
EXP(P(RN(2 = 3.149265359), im unit))

.comes equal to one (if null is not too small of course).
de%ree
L

'L: stores the polynomial coeff i = x* (use is made of the

1=0
Jensen device).

le next five procedure declarations are the counterparts of the five,

scussed a moment ago; they deliver information of a stored formula f.

PE: becomes equal to the type of f; the parameters lhs and rhs become

equal to the lhs and rhs quantities of f.
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T OF INT NUM: to the parameter 1 the value of the integral

mber f 1s assigned.

L

OF REAL NUM: to the parameter r the value of the real number f

Uz

assigned.

(&}

OF COMPLEX NUM: to the parameters r and i1, the real and imagi-

ary parts of the value of the complex number f are assigned.

PICIENT: to the parameters x and coeff, the argument and the
>efficients, with index running from O to the value of degree,

F a polynomial f are assigned.

1e value of degree should be smaller than or equal to the lhs of f

-he degree of the polynomial).

ERASE, LOWER INDEX: During the course of the program .certain formulae
re built up which may be erased later on. This is only possible if
1ese formulae are stored consecutively. A call for FIX has the effect
1at formulae, which were stored before, are protected against the
rasing effect of a next call for ERASE, later on. Moreover, a call

>r ERASE or LOWER INDEX has the effect of cancelling the effect of

16 last call for FIX.

cample: Suppose the formulae f1, f2 and f3 are stored as an effect

f the statements S1, S2 and S3 respectively, then the effect of the
rocedure statements FIX, ERASE and LOWER INDEX can be seen from the
»>llowing sequences - of statements; the formulae, which are still

7aillable after these statements are executed, are placed between

rackets.

S1s FIX; S2; ERASE; S3 (f1,£3)
S1; FIX; S2; ERASE; ERASE; S3 (£3)

S1; FIX; S2; ERASE; S3; ERASE ¢ )

S13 FIX; S2; ERASE; FIX; S3; ERASE (f1)

S1; FIX; S2; LOWER INDEX; S3 (f1,f2,£3)
S1; FIX; S2; LOWER INDEX; S3; ERASE ()

1ould be remarked that the storage space, used for storing f2 in
first sequence of statements, is used, after the call for ERASE

33, for storing f3.
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. call for ERASE or LOWER INDEX should be preceded by a call for FIX.
‘oblem occurs with the sequence of statements S1; S23 S3, if after
ution of these statements, f1 and f3 may be erased but 2 may not.
his case one can use the procedure ERASE BUT RETAIN, defined in

ion 12 in the following way:

FIX; S1; S2; S3; ERASE BUT RETAIN (1, 1, 1, f2)
r execution of these statements, f1 and f3 are erased, the effect
he statements FIX3; FIX is cancelled.and f2 is.still available for
her use.

tter method of erasing formulae would be a garbage collection

wod.

reasons for not building in this method are described in section 12

itorage allocation.

D: becomes equal to true or false depending on whether the formula f

ras stored before or after the last, not cancelled, call for FIX.

MACE: replaces the contents of the stored formula f by the contents
f the stored formula g, without altering the number defining the
ocation of the internal representation of f.
'he procedure REPLACE should be used very carefully (it is not used
.n the general system).
‘ossible erroneous use of REPLACE is illustrated by the following
»xample:
juppose expand = true, then the formulae are stored in expanded
*orm, the formula g, defined by:

f := S(a,b); g := P(f,c)

is stored therefore as a » c + b » c.
The statement REPLACE(f,S(x,y)) has no effect on g.
lowever, if expand = false then also g would be altered by the
statement REPLACE(f,S(x,y)); g 1s then internally represented as
xty) = c.
1 SPACE: storage space, used for already erased formulae, is made
wallable for other purposes, e.g. for storage space needed by

recursively called procedures.
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\KE SPACE can only effectively be used if one has the possibility
y ask for the total amount .of storage space still available in the
mputer; one may then build in at .some appropriate places (e.g. in
1e procedures S, P and Q) a check for the available storage space,
1ich possibly leads to a call for MAKE SPACE.

le general system does not use MAKE SPACE.
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The procedures S, D, P, Q, POWER and INT POW

procedures of the title of this section are used to store a sum,
ifference, a product, a quotient, a power and an integral power.
the declaration of these procedures use is made of the following

cedures reproduced first.

nment This is a part of the general systems

eger procedure CONST POL(degree,c); value degree,cs integer degree,

sin integer i3 CONST POL:= POL(iQdegreegoneggi = 0 then c else zerc
i CONST POL3

eger procedure OPER ON POL(oper,a,ta,dasb,tb,db)s

ue oper,a,ta,da,b,th,dbs integer oper,a,ta,dab,tb,dbs

7in integer X,y,i,degree,js Boolean Bj B:= true;

i ta + polynomial then

segin degree:= dbs a:= CONST POL(degree,a) end else

£ th 4 polynomial then

segin degree:= das bs= CONST POL(degree,b) end else

emmres

legree:= if da < db then da else dbs
segin integer arrsy coeff,coeffa,coeffbl0:degree s
COEFFICIENT (a,degree,x,coeffa)s COEFFICIENT (b,degree,y,coefib);

if oper = sum then
begin for i:= 0 step 1 until degree do
coeff[il:= SIMPLIFY(S(coeffalil,coeffbli )
end else if oper = product then
begin for 3= 0 step 1 until degree do
coeffiil:= SIMPLIFY(Sum(j,0,i,P(coeffaljl,coeffbli-j}))
end else if oper = quotient then
begin for i:= 0 step 1 until degree do coeff[il:=
SIMPLIFY(Q(D(coeffa[il,Sum(j,0,i-1,P(coeff[jl,coeffbli-j ))),coeffb[0 1)
end; for i:= 1 step 1 until degree do B:= B A coefflil = zero;
OPER ON POL:= if B then coeff[0] else POL(i,degree,
if x = one then y else x,coeff[il)
1 S:Q.i OPER ON POL;
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scedure VALUE OF NUM(f,r,i); value f; integer fs real r,is

yin integer n,types TYPE(f,type,n)s

if type = integer then begin VALUE OF INT NUM(f,n)s r:= n3 is= 0 enc
slse if type = real then begin VALUE OF REAL NUM({,r); i:= 0 end
sise VALUE OF COMPLEX NUM(f,r,i)

i VALUE OF NUM;

eger procedure ARITHMETIC(oper,ab)s value oper,a,bs integer oper,z,

zin resl r,i,raia,rb,ibs
VALUE OF NUM(a,ra,ia); VALUE OF NUM(b,rb,ib);

if oper = sum then begin r:= ra + rb; i:= {a + ib end else

if oper = product then
segin r:= ra X rb - ia X ibs i:= ra X ib + ia X rb end else
gsegin r:= rb X rb + ib X ibs if abs(r) < null X null then
re= null X nully i:= (ja X rb - ra X ib)/r; r:= (ra X rb + ia x ib)/r
end; ARITHMETIC:= CN(r,i)
i ARITHMETIC;
eger procedure Suml(i,lb,ub,fi)s value lb,ubs integer ilb,ub,fis

zin integer s; s:= zero; 1_“_9_1; it==1b step 1 Mu‘b gg ge= S(s,fi)s Sum:=
1 Sums

eger procedure COMB(n,m); value n,m; integer n,ms3

)MB:= if m = 0 then 1 else (COMB(n,m-1) X (n + 1 - m)) : m3

eger procedure REPEATED PRODUCT(f,n); value f,n3 integer f,n3
zin integer as a:= INT POW(f,n:2)s REPEATED PRODUCT:= P(P(a,a),
if (n:2)x2=n then one else f)

d REPEATED PRODUCT;

eger procedure comm div(a,b,f); integer a,b,f;

gin integer r,cds cd:= COMMON DIVISOR(a,b)3

if cd + one then

begin as= QUOTIENT(a,cd,r)s b= QUOTIENT(b,cd,r) ends

omm divs= f

C
i comm divs
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hort discussion of these procedure declarations follows:
‘ST POL: has an obvious meaning.

'R ON POL: becomes a polynomial of degree > 0 or a formula as the
ult of some calculation.

least one of the parameters a and b has to be a polynomial.

. parameters ta and tb are the types of a and b, while the parameters
and db are the lhs of a and b; they define in the case that a or b
. polynomials the degree of the polynomials.

. parameter oper defines the sort of calculation: summation,
‘tiplication or division, which should be done.

one of the formulae a and b is not a polynomial, it is transformed
;0 a constant polynomial.

, following recursive relations are used for the calculation:

jume the coefficients of a and b are respectively coeffaivand coeffbi

- b : coeff. = coeffa. + coeffb.

1 1 1

1

+b : coeff. = Z coeffa. coeffb. .

1 b J 1-J

J=0
1-1

" Db coeff. = (coeffa. - Z coeff. coeffb. .)/coeffb

1 1 520 1-J 0

: resulting coeffients coeffi are stored in simplified form.
should be remarked that the intermediate results e.g.

:oeffa[ij, coeffb[ij), are not erased. It is therefore worth while
use the procedure ERASE BUT RETAIN (section 10) for restoring the

12l result, in order to save space.

the coeffi = gero for all i > O then the result of the calculation
not a polynomial but a formula defined by coeffo. It is remarked

1t lowering the degree of the polynomial if the coeffi = zero for
Li>n >0, would lead to erroneous results, since then, for example,

2 3. 2 3
3 + a,x + a X + a3x ) + (bo + b1x + ng + b3x ) - (cO + c X +

2 3 . _ -
2% + ch ) , with b2 =c, and b3 = c3,

uld have the erroneous result:

+b -c )X .

0~ St la, tby-c

1
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ice also that it would be meaningless to get from the calculation:

) 2 3
o a,x + azx + a3x ) + (do + d1X)°

2 3
+ dj)x +tax + X",

ce the polynomials are treated as truncated pocwer series, thus

. result: a. + d_ + (a

0 0 1

and d3 will in general not be zero, they are uynknown however.

the above case d2 = b2 - c, and d3 = b3 - c3, thus they represent

evant coefficients, which just happen to be zero.
JUE OF NUM: the value of a number f is assigned to the real variabl
nd 1 (for the real and imaginary parts). No difference 1s made

ween integer, real or complex numbers.

‘THMETIC: becomes a number as the result of some calculation.
qb

1: becomes the formula Z fi.
1=1b

B: becomes equal to the value of the combinatorial coefficient:

no, _ n!
( m ) = (n - m)! m!
n
'EATED PRODUCT: becomes equal to the formula I f. This procedure

i=1
1 only be used if f is a number or a polynomial.
m div: if there exists a common divisor of a and b, not equal to
.ty, then a and b are divided by this common divisor and they
;ually get other values. comm div becomes equal to f (which may

end on a and b).

tt the procedures S, D, P, Q, POWER and INT POW are reproduced:

mment This is a part of the general systemj;

= e Tt

eger procedure S(a,b)s value a,bs integer a,bs

zin integer ta,a,ra,tb,lb,rbs
ras= TYPE(s,la,ra); tbe= TYPE(b.lb,rb);
3:= if a = zero then b else if b = zero then s else
if ta = number A tb = number then ARITHMETIC(sum,s,b) else

The integer division symbol + is written as : .
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if expand then
(if_ta = polynomial V tb = polynomial then
OPER ON POL(sum,a,ta,lab,tb,lb) else
if ta = quotient A tb = quotient then
P(Q(one,ra),comm div(ra,rb,Q(S(P(la,rb),P(lb,ra)),rb))) else

if ta = quotient then Q(S(1a,P(b,ra)),ra) else
if tb = quotient then Q(S(P(a,rb),Ib),rb) else
STORE(a,sum,b))
else STORE(a,sum;b)
od 53

iteger procedure D(a,b)s value a,b; integer a,bs
= if (TYPE(a,di,di) = number A TYPE(b,di,di) = number) V
expand then S(a,P(minone,b)) else STORE(a,difference,b);

iteger procedure P(a,b); value a,b; integer a,bs
egin integer ta,la,ra,tb,lb,rbs
tas= TYPE(a,la,ra); th:= TYPE(b,lb,rb);

P:= if a = zero V b = zero then zero else if a = one

then b else if b = one then a else
if ta = number A tb = number then ARITHMETIC(product,a,b) else

if expand then

(if ta = polynomial V tb = polynomial then
OPER ON POL(product,a,talab,tb,lb) else
if ta = quotient A tb = quotient then

comm div(la,rb,comm div(lb,ra,Q(P(1a,lb),P(ra,rb)))) else

if ta = quotient then comm div(rab,Q(P(1a,b),ra)) else
if th = quotient then comm div(a,rb,Q(P(a,lb),rb)) else
if ta = sum then S(P(la,b),P(ra,b)) else

if tb = sum then S(P(a,lb),P(a,rb)) else
STORE(a,product,b))
else STORE(a,product,b)
nd s
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eger procedure Q(a,b)s value ab; integer agbs

sin integer ta,la,ra,tb,lb,rb,als a:= al:= SIMPLIFY(a):

= SIMPLIFY(b); ta:= TYPE(a,la,ra); th:= TYPE(b,lb,rb)s
f ta = number A tb = number then

segin Q:= ARITHMETIC(quotient,asb); goto END end:
Q:ﬁii‘a:zero@&zerogiggbzone‘gggag@

if tb = number then P(Q(one.b),a) else

if expand then
(if ta = polynomial V tb = polynomial then
OPER ON POL(quotient.a,ta,la,b,tb,lb) else
if ta = quotient A tb = quotient then
comm div(la,lb,comm div(ra,rb,Q(P(1a,rb),P(b,ra)))} else

if ta = quotient then comm div(la,b,Q(la,P(ra,b))) else
if tb = quotient then comm div(a,lb,Q(P(a,rb),1b)) else

comm div(asb,if a = al then STORE(a,quotient,b) else Q(ab)
else STORE(a,quotient,b)s
ID: 22‘1 Q3
eger procedure POWER(a,b); value a,b; integer a,bs
WER:= if (TYPE(a,di,di) = number A TYPE(b,di,di) = number) \
sxpand then EXP(P(b,LN(a))) else STORE(a,power,bls
eger procedure INT POW(a,n); value a,n; integer a,ns

gin integer i,tla,ra; t:= TYPE(a,la,ra);

INT POW:= if n = 0 then one else if n = 1 then a else
if n < 0 then Q(one,INT POW(a,-n)) else
if t = number then REPEATED PRODUCT(a,n) else

if expand then
(if t = polynomial then REPEATED PRODUCT(a,n) else
if t = sum then Sum(i,0,n, P(IN(COMB(n,i)),
P(INT POW(la,n-i),INT POW(ra,i)))) else
if t = product then P(INT POW(la,n),INT POW(ra,n)) else
if t = quotient then QINT POW(la,n),INT POW(ra,n)) else
STORE(n,integral power,a))

else STORE(n,integral power,a)

d INT POW;
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construction of these procedures is in principle the same as the
truction of the procedures S and P of the simple system described
lection 2.

mplicating element in these procedures is the division, to which

. of the following discussion 1is devoted.
it, some trivial remarks:

‘f the non-local Boolean variable expand = false, the formulae are
tored as they are written, except for a trivial simplification with
;he unit- and the zero element one and zero (this is done in view

yf the differentiation procedure).

'f it is possible (in a trivial way) to carry out some numerical
:alculation, then it is done.

Thus e.g. a + (1 + 2) is stored as a + 3, whereas (a + 1) + 2 is
itored as it stands.

A call for SIMPLIFY will deliver the result a + 3 if expand = true),

Jue to the construction of IN, RN and CN and due to the treatment

yf numbers of the basic procedures as illustrated in the above remark
ind due to the construction of the procedures for storing functions,
;he result of storing, for example, the formula

1% (1-1)/(1+41)) » a + 1n(1) = b, where 1 is the imaginary unit

md a and b algebraic variables, is simply a .

't should be noticed, however, that the above shown simplification

.s not exact, since the precision null could be chosen wrong.

"he simplification could be made exact by introducing also Gaussian
.ntegers.

fhen, however, there still remains the problem that e.g. exp(2mi) or
.n(e) or (\;’?)3 should be recognized by the system equaling the unit
xlement one.

fhus the symbols 7, e, 6?71 etc. should be adjungated to the field
>f complex numbers, and this would complicate the treatment of

1umbers severely.
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n the following remarks 1t 1s assumed that expand = true.

_ difference is stored as a + (=1) = b;

. power is stored as exp(b = 1ln(a)).

f one of the parameters a and b (or both) of the procedures
, D, P or Q is a polynomial then the result of the calculation

111 also be a polynomial.
he above remark does not apply to the procedure POWER.

he procedure INT POW delivers in case a is a number or a polynomia
n efficiently formed repeated product. Thus, if a is a polynomial
hen the result of INT POW i1s a polynomial.

f a is a sum, a product or a quotient then INT POW expands a.

consequences of introducing the division will now be investigated.

‘iculties arise from the combination of division and simplificatiorn

out division and without functions, simplification can easily be

ned in the following way:

formulae f and g are called equal if
" and g are the same numbers, or
‘and g are the same algebraic variables, or

he simplification of f-g equals 0.

n1 and n, be numbers, let f and g be equal formulae, then the

lification of n, - f + n, * g is (ni + n2) ~ f.
e the ultimate test for equality 1s a test on the elementary
tituants of a formula, i.e. the algebraic variables and the number
lification should be carried out on the expanded formulae, i.e. a
of products of algebraic variables and numbers.

this expansion the -procedure P defined at the end of section 2

nt L4 of the remarks) can be very helpfull.

should be noticed that there exists no common agreement on the

nition of simplification.
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s is not surprisingly since simplification strongly depends on the
»ific formula manipulations one wants to do.

:finition of simplification in a general system, with formulae of
:h nothing.is known-.about the algebraic variables constituting the
aula, does not leave much choice however.

sorization, for example, would be a nice facility and in some cases
; can be done in an elementary way, €.g. ax + bx = (a + b)x, in

sr cases, however, it can not be done in an elementary way e.g.

- b2.

the other hand, the user who knows the form of the formulae before-

i, can build his own simplification procedure, which e.g. also

sorizes.

ansion of the field of formulae with exponential functions, offers
serious difficulties; it can easily be checked whether exp(f) equals
(g), since this amounts in testing whether f equals g apart from

ultiple of 2mi.

arithmic functions, however, are troublesome, since it does not
low from £ = g that 1n(f) = 1ln(g).

arithmic functions 1, and 1 will only be recognized as to be equal

2

l1 and 1, are physically the same (i.e. 1, and 1, refer to the same

ation in the storage space).
effect of the implementation of division in the system on simplifi-

ion will be studied next.

plification will now be understood in the following sense:
The simplification of a formula f is a quotient of a numerator n

and a denominator d.

n and d are formulae in which no division operator occurs and which
are simplified according to the above definition.

Moreover, n and d do not contain, apart from unities, common divisors,
which can be found in an elementary way.

The last sentence can be replaced by:

COMMON DIVISOR(n,d) = one.
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cipating.the description. of the procedure COMMON DIVISOR in section
a few remarks are made.

[ON DIVISOR calculates a common divisor of two formulae f and g.
calculation is never succesfull if f or g contains exponential
tions, in the sequel it will be assumed therefore that this is not
case, unless the contrary is stated.

calculation is always succesfull if f or g is a factor of g or f.
calculation is not successfull if f and g are of the form

a X +b*xand g=c=x + d »x, where a, b, ¢, d and x are
braic variables.

isaconsequence of the fact that the terms of f and the terms of g
not be divided by each other.

nly one algebraic variable occurs in both f and g then the calcu-
on will be successfull in all those cases where a greatest common
sor exists.

, COMMON DIVISOR will find out that for example x2 + 2 =~ x + 1

x2 - 1 have the common divisor 2x + 2.

second property of simplification requires procedures which not

apply the distributive law, but also rules of the following kind:

(a+ b=c)/b

Jb + c
,+ c¢/b=(a+*b+c)/b

(a = c)/b

1}

/b < ¢

» (b/c) = (a »*Db)/c

]

a/(b = ¢)

c)/b

a/b)/c
J(b/e)

[
)
X

s evident ,however,that these rules can not be applied without
autions, since this may lead to a simplified formula which is more
licated than the original formula.

ple: let a, b and x be algebraic variables.
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formulae: would then be stored as:
) + (b/x) (8 s x + b »*x)/(x *x)
(b »x)) »~x (a = x)/(b = x)
~x)/b)/x (a = x)/(b »x)

olifying the right hand sides amounts to calculating the com
isor of the numerator and denominator. This calculation will

ever, be unsuccessfull.

s, within the procedures S, P and Q there is built in a test
vent these situations.

is for this reason that the already discussed procedure comm
introduced, which replaces, in the first example e.g., the S
1.

result of the calculation is
(1/x) = (a + Db)
ch is transformed by the procedure P into (a + b)/x.

ice that the distributive law is applied in P only in case t
/or b are no quotients. Otherwise, P would transform (1/x) =
o((1/x) = a + (1/x) = b), which is transformed into a/x + b/

transformed by S into (1/x) = (a + b), etc., etc.

1s also for the reason,not to get a more complicated formule
ameters a and b of Q are simplified beforehand which is no

essary for the parameters of S and P.

there occur simultaneously exponential functions and divisio
common divisors are extracted from the simplified numerators

ominators.

X
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lhe functions

procedures EXP, LN, SIN, COS, ARCTAN and SQRT are now

imment This is a part of the general system;

sger procedure EXP(f); value f; integer fs

in integer t,a,b; t:= TYPE(f,a,b)s
?:t = function A a = Inf then EXP:= b else

;t = number then

egin real r,i; VALUE OF NUM(f,r,i); r:= exp(r);

EXP:= CN(r x cos(i),r x sin(i))

nd else EXP:= STORE(expf,function,f)

: EXPs

wger procedure LN(f); value f; integer f;

in integer f,a,b; t:= TYPE(f,a,b)s

_t = number then

egin real r,i3 VALUE OF NUM(f,r,i);

LN:= if f = zero then RN(ln(null)) else CN(,5 X In(r x r
(if abs(r) < null then (2 - sign(i)) x 1.57079632679 else
arctan(i/r) + (if r < 0 then 3,14159265359 else if 1 < ¢
6.28318530718 else 0)))

nd else LN:= STORE(Inf,function,f)

: LN;

yger procedure SIN(f); value f; integer f;

= if TYPE(f,di,di) = number V expand then

(CN(0,~.5),D(EXP(P(im unit,f)),EXP(P(CN(0,-1),0))) else

TORE(sinf,function,f);

ger procedure COS(f); value f; integer fs

3:= if TYPE(f,di,di) = number V expand then

(RN(, 5),S(EXP(P(im unit,f)),EXP(P(CN(0,-1),f)))) else

TORE(cosf,function,f)§
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teger procedure ARCTAN(f); value f3 integer f3

RCTAN:= if TYPE(f,di,di) = number V expand then
P(CN(0,-.5),LN(Q(S(one,P(im unit,f)),D(one,P(im unit,f)))))
STORE (arctanf,function,f);

teger procedure SQRT(f); value f3 integer f3

)RT:= if TYPE(f,di,di) = number V expand then
EXP(P(RN(,5),LN(f))) else

STORE(sqrtf,function,f);

few remarks are made:

If expand = false the procedures store the functions .

written, if expand = true the functions are transform

exponential and logarithmic functions.

If the parameter f is a number, the result is another

The standard function arctan(x) delivers a result bet

The logarithm of a number will get an imaginary part

0 <y < 6.28318530718 (=2m).

-Tl o
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The simplification procedures

sady in section -8 simplification was extensively discussed. This
;ion is devoted, therefore, only to a discussion of the procedures

e reproduced.

internally represented formula is, due to the construction of S, P,
id INT POW, represented as a quotient of a numerator. and a denomi-
)r, 1n which no quotients: occur anymore.

numerator and the denominator are represented.as.a sum of terms,
each term is a product of factors, i.e.. integral powers of

lulae which are neither a sum nor a product, nor a quotient.
simplifying process has therefore as objects formulae which have

structure as given above for the numerstor and the denominator.

chosen tree structure for the internal representation of formulae
ery convenient for storing and extracting formulae.

s ,however ,very inconvenient for the: simplification process, since
implifying i1t will be used that the terms of a sum or the factors
. product can freely be permutated so as to compare the terms or

factors with each other.

her way of representing the formulae presents itself. Use is made

n integer array a[j:Lo, 0:L,, 1:é1, in which L. 1s the number of

s and L] the maximal number of factors of all germs,
Js 1] is set equal to the factor, without the integral exponent;
Js 21 is set equal to this exponent.

numbers occurring in the i-th term are combined to one number

h is stored in a[i, 0, 1].
2 . . . . 2 . ‘
ple: =.5 %X =21 =y =1 X+ 1>y 1>x 1is represented as:

(al:-i, Js 11: aEi: Js 21)

J = 0 J = 1 J = 2 j = 3
one (x,2) (¥, 1) (x,1)
N (-1) (y,1) (x,2)
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r convenience sake a[i,,O, 2] is set equal to 1.
is remarked that.not all entries of a have to be filled, which is
pity. Use of this feature is,however,made when the procedure

MPL 2 REPR interchanges the rows of a.

is the task of the procedure CONVERT, which is now reproduced,
convert a formula from the tree structure representation into the
rect representation: using the arrays a and L.

the actual value of the Boolean parameter "bounds only" of CONVER
true, only the array bounds of a and L are calculated which are
ored in L[O] and LD].

e actual parameter a of CONVERT should then be some three dimensio
teger -array, say, BD:], 1:1, 1:‘!] (see the procedure bodies of
MPLIFY and QUOTIENT).

the case that the actual value of "bounds only" is false the

ray elements of a are filled in, moreover,the array elements

:1:[, ooy L]‘_L [OI[ are set equal to the lengths of the rows of a

n the above example L]:O] =2, L[‘é] = 3 and L[2] =2).

omment This is a part of the general system;
-ocedure CONVERT(f,a,L,bounds only); value f; integer f:

Eg_ggg array a,Lss Ew bounds only;

:gin integer i,Li,Limax,num;

procedure SUMI(f); value f3 integer f3

begin integer f1,f2; if TYPE(f,f1,f2) = sum then
begin SUM(f1); SUM(f2) end else
begin Li:= 03 num:= ones is= i + 13 PROD(f);

if bounds only then Limax:= if Limax < Li then Li else Limax
else begin ali,0,1}= num; ali,0,2}= 13 Llil= Li end

end end;
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rocedure PROD(f); value f3 integer f3
egin integer type,fl,f2; type:= TYPE(f,f1,{2)3 if type = product then
begin PROD(f1); PROD(f2) end else
if type = number A 7 bounds only then num:= P(num,f) else
begin Liz= Li + 15 if 7 bounds only then
begin if type = integral power then

begin ali,Li,1k= 23 ali,Li,2}= f1 end else

begin ali,Li,1k= f5 ali,Li,2}= 1 end
nds;
3= Limax:= 03 SUM(); L[0k= i5 if bounds only then L[1l]= Limax
~CONVERT3

procedure  SIMPL 2 REPR is® discussed now.

ransforms a formula given.in the arrays a and L.

result of this transformation, which may be called simplification,
nother formula equal to the old one and also represented in the
¥ys a and L.

form of the resulting formula is a standard form satisfying the

owing conditions:

n each row a[i, 1, 1], a]:i, 2, ‘l], «.s5 at most one element may
ccur which is an exponential function. This element should be the

ast one, 1i.e. aEi, L[:i], 1].

he argument of the possibly occurring exponential function is

implified; no numbers occur as summand in the argument.

n the conditions 3-6 it will be assumed that the exponential funct
s temporarily removed by replacing L[i] by LE.] - 1, 1if a]:i, Lfi:[,
s an exponential function.

he elements of each row aE., 0, 1], a[i, 1, ‘lj, al:i, 2, T],
atisfy the conditions: a]:i, 0, '!j # zero and a[i, Js “tj > a[i, J+1
OFr J = Ty aeey L[i] - 1.
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»r each row the integer li be defined as the number of
1ts a[i, Js ’l], including their multiplicity a[__i, Js 2:
Lo 21y, fori=1, .un Lfo] - 1.

= li+1 then there-are .two possibilities-fer the elemer
i, 7] and ali+1, §, 1], with 1 < j < min(L[i], L[E+1])

9 o8 oy LIO:[ -1 H
all elements are equal,

i: there exists a jo > 0 such that a[:i, Js 1] = a|it+1,
for 0 < g < Jo
and

ali, Jg 1] > a[i+1, 3> 1.
;49 ond for all i (0 <§ 2min(L[i], L]_—_i+1])),a]:i,

+1, J» 1:1, then there are two possibilities:

=1

afi, i, 2] = afi+1, j, 2] for § =1, ..., L[i]
ce that in this case L[i] = LEiHj[).

fon

: there exists a j1 > 0 such that a]:i, J» 2] = a[:i+1,
for 0 < Jj < j] |
and
all, j,» 2] > afi+1, 3 2].
e first possibility of condition 6 occurs, then the or
nts aE’L, L[i], 1] and a[_—i+1, L[:i+1:], 1] (before replac
by L[i_-] - 1), are exponential functions whose argument

al, or one of these elements is an exponential functio
of formulae written in standard form are: (let x >y

X+y+z
*z-»-ey

x2y - .5 > Xz + 7i (i is the imaginary unit)

7z + X Ty <2
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y

z , X
{wy»*e +x%zxe’ +yxzxe

+y+ -X=y -
:*y*z*'exyz+x-'x—y-x—z*exyz

-X=-y-Z

. X+y+z
XYy ¥z ke + X ¥y ¥z e

2X L Y

32y + e2X

last four examples show that the ordering of terms in which
ynential functions occur, does not need to be fixed if the nc

ynential parts are equal.

transformations carried.out by the procedure SIMPL 2 REPR ir
ret a standard form, can easily be traced in the now reproduc

redure declaration:

iment This is a part of the general system;

cedure SIMPL2REPR(a,L); integer array a,Ls;

n integer k,i,j,i1,p,q,r,b,c,sexp; integer array exp,length(1:L[0]],
1:2xL[0]]s

IXs FIXs for i:= 1 step 1 until L[0] do

>gin sexp:= zero; for j:= 1 step 1 until L[i] do
begin if TYPE(a[i,j,1}b,c) = function A b = expf then
begin sexp:= S(sexp,P(IN(ali,j,2],c)); ali,j,1}:= -100 000
explil= SIMPLIFY(sexp); if expli] + zero then .
begin if TYPE(explil,q,r) = number then
begin ali,0,1k= P(ali,0,1L,EXP(expli])); explil= zero end else
if TYPE(explil,q,r) = sum then
begin if TYPE(r,b,c) = number then
begin a[i,0,1}= P(a[i,0,1L,EXP(r)); explil:= q end
d end ends for i= 1 step 1 until L[0] do
>gin p:= q:= 13 r= L[i] - 13
: for j= p step q until r do
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vegin if ali,j,1] = ali,j+1,1] then
begin ali.j,2}= ali,j,2] + ali,j+1,2]; ali,j+1,1k= -100 0003
if g = -1 then begin il:= j + 15 goto B end
end else if ali,j,1] < ali,j+1,1] then
begin k:= ali,j,1 ) ali,j,1 )= ali,j+1,1]; ali,j+1,1]1:= k;
k:= ali,j,2]; ali,j,2k= ali.j+1,2]; ali,j+1,2]= k;
if g = 1 then begin p:= j - 15 g:= -13 r:= 15 il:= j + 13 goto A end
end else if q = -1 then goto B
ends B: if q = -1 then begin p:= il3 q:= 13 r:= L[i] - 15 goto A end;
for j:= 1 step 1 until L[il do
begin if ali,j,1} = - 100 000 then goto C end;

goto D3 C: Llik= j - 13

: end;

r i:= 1 step 1 until L[0] - 1 do for j»= i + 1 step 1 until L[0] do
sgin if ali,0,1] = zero V alj,0,1] = zero V L[i] $ L[j] then goto EXIT;
for ki= 1 step 1 until L[i] do

begin if alik,1]14 aljk1]V alik,2] 4 aljk,2] then goto EXIT end;
if 7 EQUAL(explilexp(j}) then goto EXIT;

ali,0,1 = S(ali,0,11.alj,0,1D; alj,0,1k= zero;

XIT: end;

r iz= 1 step 1 until L[0] do

2gin slik= i3 length[i]:= 05 if ali,0,1] = zero then L[il:= 0;

for j:= 1 step 1 until Lli] do lengthlil:= lengthli] + ali,j,2]

1d;

= ge= 13 = L{o] - 13

>gin if length(s[il] > length[s[i+1]] then goto OUT;

if length(s[ill < length[s[i+1]} then goto INTERCHANGE;

j= 03 for j:= j + 1 while j < L[s[ill A j < L[s[i+11] do
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begin if als[ili,1] > alsli+1],j,1] then goto OUT;
if alslili;1] < alsli+1],j,1] then goto INTERCHANGE;
if alsilj,2] > alsli+1],j,2] then goto OUT;
if alslilj,2] < alsli+1],5,2] then goto INTERCHANGE
ends if a[s[i},0,1] = zero A als[i+11,0,1] § zero then goto
INTERCHANGE; goto OUT;
VTERCHANGE: k= slils slil= s[i+1]; sli+1}= k3 if q = 1 then
begin p:= i - 13 re= 13 o= -1 il:= i + 13 goto AA ends
goto CCs
UT: if q = -1 then goto BB;
‘C: ends BB: if q = -1 then
sgin ps= i13 q:= 13 r:= L[0] - 15 goto AA end;
r 13= 1 step 1 until L[0] do
sgin if expli] + zero A ali,0,1] # zero then
begin L[ik= L[i] + 15 ali,L[i]1]= EXP(expli];
ali,Llil2k= 1
d ends
= 03 for 1:= 1 step 1 until L[0] do
agin pe= 13 if slil + i A alslil,0,1]1 # zero then
begin js= -1 for ji= j + 1 while j < Lslill A j < L[i] do
begin 11s= ali,j, 1} ke= ali,j,2] ali,j,1 1= alslilj,1ls
ali,j,2l= alslili,2)s alslil.j,1 k= i1s als[ili.2k= k
ends for js= L[s[il] + 1 step 1 until L[i] do
begin als[ilj,1 k= ali,j,1]; alslil,j,2)= ali.j,2] ends
for js= L[i] + 1 step 1 until L[s[il] do
begin all,j,1k= als[ilj,1]; ali,j,2}:= alslil,j,2] end;
ke= Llils Llil= L[slilly Lls[ill:= k;
for j:= 1 + 1 step 1 until L[0] do
begin if sljl = i then begin s[jl= slil; goto AB end end;
AB: slil= 1
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1

end else if a[s(i],0,1]
end; END: L{0]:= ps
for i= 1 step 1 until p do

zero then begin p:= p - 13 goto END end

begin slil= all,0,11 sli+pk= if L[i] > 0 then ali,Lli},1] else zero
end; ERASE BUT RETAIN(i,1,2 x p,sli)s

begin ali,0,1k= slils if Lli]> 0 then ali,L[il1k= s[i+p] end

nd SIMPL2REPR;

marks:
Two comparison tests are exeeuted by SIMPL 2 REPR. These are
constructed in such a way that almost no superfluous tests are
carried out.

An awkward consequence -is their complicated structure.

The procedure ERASE BUT RETAIN (see sections T and 12) is used
to store the arguments of the exponentials and the newly found

numerical factors a[i, 0, fj, in an efficient way.

Use is made of the fact that the procedure SIMPLIFY stores the
simplified formula in a special form.
I.e. if the formula f is of the form g + n, where n is a number,

then g does not contain a number as summand.

This means that the characterizing quantities lhs, type and rhs of
f are equal to g, sum and n.
With this knowledge the exponential functions are treated.
If £ is of the form g + n, thenref 1s represented as e % €8, The
numerical part e’ is combined with the number aig, 0, 1].

211 . x

A result of simplifying e* is e as a consequence of the above

illustrated built in facility.

Next follows the reproduction of the procedure declarations of
SIMPLIFY and EQUAL. Due to the construction of the procedure Q,
SIMPLIFY does not have to simplify a quotient.
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ment_ This is a part of the general systems
zer procedure SIMPLIFY(f); value f; integer fs

n integer i,j,t,ab; integer array Al0:1],B[1:1,1:1,1:1]3
TYPE(f,a,b); if t = quotient V 7 expand V t = number V
algebraic variable V t = polynomial V (t = function A a

en begin SIMPLIFY:= f; goto END ends
ONVERTI(f,B.A true)s '
sgin integer array s[1:A[0],0:A[1],1:2],1.[0:A[0]]; CONVERT
SIMPL2REPR(s,L); t:= zero; for i:= 1 step 1 uniil L0} d
begin be= s[i,0,1]; for j:= 1 step 1 until L[i] do

b= P(b,INT POW(sli,j,1],sli,j,2]); t:= S(t.b)
ends SIMPLIFY:= t
1ds
): QQQ SIMPLIFY3
lean procedure EQUAL(f,g)s value f,gs integer f,g3

= g then EQUAL:= true else
n FIX3 EQUAL:= SIMPLIFY(D(f,g)) = zeros ERASE
EQUALS3
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. The procedures QUOTIENT and COMMON DIVISOR

. this section the (integral) division and the (greatest) common

visor algorithm are discussed.

e procedure QUOTIENT calculates the integral quotient q and the rest

of two formulae g and f according to the scheme:
g =q=f+r.

) the procedure identifier QUOTIENT the value of q is assigned.
* there occur exponential functions in one or both formulae f and g
len the division is not carried out.

JOTIENT gets the value zero, and rest the value g.

1e reproduction of the procedure declaration of QUOTIENT now follows:

mment This is a part of the general system;
teger procedure QUOTIENT (g.f,rest); value g,f;
teger g,f,rest;
>gin integer i,j.k,1f,1g,quotient; Boolean first; integer array Af0:11],
B[1:1,1:1,1:1}; FIX; FIX; CONVERT(f,B,A true);
begin integer array F[1:A[0},0:A[1],1:2],LF[0:A[0]];
procedure QUOT(g,factor)s value g; integer g,factor;
begin integer f1; CONVERT(g,B,A,true);
begin integer array G[1:A[0],0:A[1],1:2],.L.G[0:A[0]],GG[1:A[1]];
CONVERT(g,G,LG,false); SIMPL2REPR(G,LG);
if LG[0] = 0 then goto ZERO;

if_ first then

begin first:= false; for ix= 1 step 1 until LG[0] do
begin if TYPE(G[i,LG[il,1],j,k) = function A
j = expf then goto UNDEFINED
end end; 1g:= 0; for i:= 1 step 1 until LG[1] do
begin 1g:= Ig + Gl1,i,2}; GGlil:= G[1,i,2] end;
if 1g < 1f then goto ZERO; 1g:= 1f; ki= 1;
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for i:= 1 step 1 until LF[1] do
begin for ji= k step 1 until LG[1] do
begin if F[1,i,1] = G[1,j,1] then
begin if F[1,i,2] < Gl1,j,2] then
begin GGljk= Gl1,j,2] - F[1,1,2]; 1g:= ig - Fl1,i,2] end
g}gigp_’gg ZERO; k= j + 13 ggio;AA
end else if F[1,i,1] > Gl1,j,1] then goto ZERO
ends
AA: gggi_;; if_:lg >0 Ekzlgr_l_g__cig_ ZERO;
factor:= Q(G[1,0,1],F[1,0,1]); for i:= 1 step 1 until LG[1] do
factor:= P(factor,INT POW(G[1,i,11,GG[i})):
goio NEXT STEP3
ZERO: factor:= zero; rest:= zero;
for i:= 1 step 1 until LG[0] do
begin k:= G[i,0,1]; for j:= 1 step 1 until LG[i] do
k= P(k,INT POW(G[i,j,11,G[1,j,2])); rest:= S(rest,k)
ends goto OUT
end;
NEXT STEP: QUOT(D(g,P(factor,f)),f1); factor:= S(factor,f1)s
OUT: end QUOT;
if 7 expand then goto UNDEFINEDj;
CONVERT({,F,LF false); SIMPL2REPR(F,LF);
if LF[0] = 0 then goto UNDEFINED;
for i:= 1 step 1 until LF[0] do
begin if TYPE(F[i,LF[il,1],j,k) = function A j = expf then
goto UNDEFINED
ends 1f:= 03 for i:= 1 step 1 until LF[1] do 1f:= 1f + F[1,i,2]s
first:= true; QUOT(g,quotient); A[0]:= quotieni; A[1l= rests
ERASE BUT RETAIN(i,0,1,A[i]); QUOTIENT:= A[0]s rest:= A[l];
ggj;_g ENDg;
'NDEFINED: QUOTIENT:= zero; rest:= g3 ERASE; LOWER INDEX3
ND: gg(i
 QUOTIENT;
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the second block. of the procedure body of QUOTIENT, the arrays
nd LF are declared. They are used.for the second representation
the formula f in simplified form. Occurrence of exponential functions
ds automatically to an end and QUOTIENT and rest get the values zero
g. Assuming that no exponential functions occur, first the length
of the leading term of f is calculated, which is just equal to the
ber of multiplicants including their multiplicity. of the leading
m.
Boolean variable first becomes true.
t follows a call for the procedure QUOT.
fact, QUOT calculates in a recursive way the quotient.q of g and f,

ording to the following scheme:

ro =y = q1 » f + r‘l

-
l

= +
q2-* £ r2

900600608 00000002006000

L}
I

n-1 qn =T+ I'n

which a; is the quotient of the leading term of r._; and the leading
m of f.

_ process ends as soon as the leading term of f is not contained in
 leading term of L

h this is meant: apart from a numerical factor, not all factors of
. leading term of f are also factors of the leading term of ro .

t this process always ends follows from a theorem proved later on.
dently:

s and rETo.

e has been taken of the following points:

The original formula g should be examined as to whether there occur
exponential functions in it. This is done the first time QUOT is
called, then namely the Boolean variable first has the value true,

in all subsequent calls first has the value false.
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lhe partial results-q,, Qs wves @ should be traced.
[his is established by the statement:
factor := S(factor,f1)

thich in fact means: q := g + q;-

lhe final rest r should be extracted, which is done by assigning
;0 the: (with respect to QUOT) non-local variable rest the value
> the formula ro.

"his formula is already simplified.

3y means of a call for ERASE BUT RETAIN, the intermediate formulae

wre erased and the results g and r are stored in an efficient way.

111 for QUOT 1s now described:

parameters g and factor refer to the above gquantities r. and S

; is represented in a simplified form in the arrays G and LG.

2

[f g turns out to be zero U]}Eﬂ = 0) then QUOT ends via the label
ZERO.

*actor gets the value zero and rest gets the value zero.

[f first = true, then first is changed into false and it 1s tested
thether there occur exponential functions in gj; if so,then QUOT

;erminates via the label UNDEFINED.

[t is examined whether the leading term of f 1s contained in the
leading term of g, if this is not the case the process ends via
;he label ZERO, otherwise the process continues via the label

{EXT STEP and by means of the procedure statement QUOT(D(g,P(facto:
*)),f1) the quotient f1 of g - factor = f is calculated.

factor becomes equal to factor + f1 and the process terminates.

[t should be noticed that QUOT is called recursively in a block in
thich the arrays G and LG do not exist any longer, if 1t was not
wrranged in this way then the arrays G and LG would exist simulta-

1eously for all o which would be wasting of storage space.
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Execution of the statement following the label ZERO leads to
assigning to the non-local variable rest, the simplified formula

g (rn in the above scheme).

Tt should be remarked that although QUOT may be recursively called
hundreds of times, only the last time it will end via ZERO; all

other times it ends directly via the label OUT.

orem: The process as defined by the procedure QUOTIENT will ultima-
tely end.

ark: It can easily be seen that if no precautions were taken against
exponential functions, the process does not need to end. One

2y

should try to divide e2X - e Y through &+ &5,

of': Consider the above shown process:

ro= a4, » f + T n=0, 1,2, ... and ry = &

Let the number of factors including the multiplicity, of the leading

term of r_ be 1 .
n n

If the process would not end, it may be assumed that ln remains
constant from a certain ngs since it 1s easily seen that the 1

can not increase,

Let w1, wg, cs e wm denote the set of different factors, apart from
the integral powers and apart from numbers, which occur in both f
and g (i.e. the array elements a[i, Js fj in section 10).

Let this set be ordered according to wi+1 < wi'
Let the maximal integral power of these multiplicants as they occur
in f and g be p,» Pps eevs Ppe

Let the maximum of all p; be P.

Then the norm of a term t

1s defined as:
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g Pwil
me) = ] (27) T =p. .
1=1 1
jider:
. = > -+ N
np  Tmgtt T T Tages
t=a, w0 F aee O + s.0 t O ¥ T eee .
1 141 1,11 ¢p,1 ¢p,l
Y
=B =D R aee TP, .t ... ¥ B wp .. P
nO 1 131 1’J] q. q_’1 Qan

thich Qio eoes up, Bis eees Bq are numerical constants and in whicl

¢ and p are the factors of the terms of f and r_, without
n,m n,m n,

sgral powers, which are written out (x3 *-y2 is represented as

er—x-k-y-ﬁ-y)'

me the above representations are the result of the simplification
ress (apart from the integral powers) as defined by the procedure
°L 2 REPR.

1 there are two possibilities for the f terms:

e 1, > 1
£y 02

ri, =1, and N(¢1’1 H e *'¢1 1) > 1\T(<]>2,1 F aas *—¢2’i2)

‘h follows from the definition of standard form in section 10.

s 1

;he same way there are two possibilities for the r terms:

0
r j} > 52,
: ] = 3 ss 0 . > * ee e o o
T gy = Jy end Mo, o< *01,31) (e, | *DE’JE)
s1der now rn0+g: _ .o
61) 1,1 1,4, (
== (=) —= " > (o, »* ¢ P PREE I S
-1 o, q’h] e *¢1,i1 2 2,1 2,1,
+ 0 - ¢ T e M . + B vee *0 . . + ... +
p 7 ’p, Ppi ) T F2 T %, 2,3,
P
bl F s es P o e
1 Qs q,Jq
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re are two possibilities:

The leading term of r is after simplification:

n0+1
B2 *p2,1 e *02,3' :
2
Since lno+1 =J5 and lno = lno+1, 1t follows Jo = dq-
Thus N (leading term of T, +1) < N (leading term of r_ ).
0 o)
The leading term of.rn +1 is after simplification:
B, »a Py, 7 TP
;1 2 1 .
- a ),*'¢ H . O, . *‘¢2 17 e ¢2 i’
1 1,1 1,1, ’ 2o
. - = ° - . +- = ° =- .
Now ln +1 Jq 11 12 and ln +1 ln » thus 11 1,
0 0 0
Moreover:

) = N(p K eee XD

N(leading term of r 11
9

- ) = Moy e by )

0 12d4

+ N(¢2’1 Hoees ¥ ¢2,i2')’

and it follows that:

N(leading term of r ) < N(leading term of r_ ).
no+1 nO

icluding: the norm N.of the leading terms of r with n 21, diminishes.
is obvious that the process can not continue for ever, since the norm

1an not diminish for ever.

t the procedure declaration of COMMON DIVISOR is reproduced.
MON DIVISOR calculates the (greatest) common divisor of the formulae

ind g.

mment This is a part of the general system;
teger procedure COMMON DIVISOR(f,g)s value f,gs integer f,g3

gin integer ged,q,rs Boolean s,sl;3
procedure GCD({1,f2,{3); value f1,f2; integer f1,£2,£3;
begin integer f43; q:= QUOTIENT(f1,2,f3); s:= g ¥ zero;
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E;T sl A s &Egg:gggzleIﬂﬂFﬂﬂEIh
if {3 = zero then
oegin ged:= f23 goto if TYPE(ged,di,di) = number then
UNDEFINED SLSE. OK
ends sl:= s3 GCDI(f2,£3,f4)
13
X3 FIX3 sl:= true; GCD(f,g,r);
ERASE BUT RETAIN(g,1,1,gcd)s COMMON DIVISOR:= geds &Q‘[_g END:
EFINED: COMMON DIVISOR:= one; ERASE; ERASE3;
: gil(i COMMON DIVISOR;

yrocess for calculating the (greatest) common. divisor of two

1llae f and .g can be deseribed as follows:

it f1 = f and f2 be g:

= ' +
f q, *f2 f3

f =qg-»-~f3+flL

©©060096068 00000050

H
1]

n qn *'fn*1

;he (greatest) common divisor of f and g is given by £
tbove process is executed by means of the procedure GCD declared
MMON DIVISOR. Its parameters f1, f2 and f3 have the meaning of

f. and £y (1 =0y v0ey n=1).

1+2 3
call for QUOTIENT the rest of the division of f1 over f2 is assigned
3.
1is division was successfull i.e. q # O, then the Boolean variable
s the value true.

} turns then out to be zero, the (greatest) common divisor is found
, f2) and GCD comes directly tc an end via the label OK or the label

"INED depending on whether f2 is unequal or equal to a number.
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the division was successfull, but f3-is not equal to zero then the

cess is repeated by a recursive call for GCD(f2, £3, fh4).

case the division was unsuccessfull, this does not mean that there

s not exist a (greatest) common divisor (one may have e.g. f1 = x+1
. fe = x2—1).

ever, if two successive divisions are unsuccessfull then the process
terminated via the label UNDEFINED.

order to test whether two successive divisions are unsuccessfull,

., with respect to GCD, non-local Boolean variables s1 and s are

roduced. s1 has the value true or false depending on the success

the foregoing division, s has the value-true or false depending

the success of the division just executed.

both s1 and s have the value false, GCD ends via the label UNDEFINED.
t this test is sufficient in order to get a process which always
‘minates follows from the theorem to be stated after the following

1arks.

The result of the procedure COMMON DIVISOR is restored by a call
for ERASE BUT RETAIN in order to erase possible intermediately

formed but no more interesting formulae.

The reason, for putting parentheses around the word "greatest" in
"(greatest) common divisor', is that in a lot of cases the procedure
COMMON DIVISOR will not find a common divisor, although it trivially
exists.
For example: the (greatest) common divisor of

x2 + 2xy + y2 and x2 - y2

is not found. It is easily seen why it is not found:
2 2 2 2

if f1 =x +2xy +ty and f.=x -5
then q, = 1 and f3 = 2xy + 2yé
. _ .2 2
a = 0 and fu = f2 X y )
=0 i fo = =2xy + 2
q3 and 5 f3 Xy y

and the process stops.
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ould only be continued.if.it was-allowed to use
r to find q, = %g——%

fg would be zero and .the doubtful (greatest) co
he formulaf5 = 2xy + 2y2.

, however, would be not as bad as: the fact that,
se factors:.of this.kind, the process as defined

ral never end.

nsequence of forbidding QUOTIENT to use factors
the quotient (x2 + 2xy + yg)/(x2 - ye) will not
(x +y)/(x-y).

e situations, however, only occur when the user

numerator and the denominator of the quotient th

e formulae.

he user had given his quotient in the following
(x+y) = (((x+y)/(k-y))/(x+7y))

example, then the procedures S, D and P automati

common factor x+y.
follows the already mentioned
rem: The process as defined by COMMON DIVISOR, a

he formulae f and g contain exponential function

ows trivially, assume therefore that this is not
f: Let the lengths ln of the leading term of fn
in the proof of the thecrem about the procedu

me the 1 ~do not decrease for n >m (if this is

ess has to terminate).
ider the step:

! = > +

m=1 qm—] fm fm+’!

hich S and fm+1 are calculated by GQUCTIENT ac

owing scheme:

tor 1/y in

Avisor would

lowing QUOTI
'TIENT would

» kind 1/y 1is
mplified to,

explicitly’

es of the

divide out

terminates.

© theorem

ase.

'ined as

ITIENT,

.e case the

g to the
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Hh
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)
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q, fm r,

606000000603 00000800

=q -~ + .
T N

2
!

iding T through fm turned out to be unsucce

ding term of fm is not contained in the leading

s means that the leading term Ofvfm contains at

ch is no factor in the leading term of LR

ce rk_M = fm+1, the same statement i1s true for t

and fm+1 L)
next step of COMMON DIVISOR is to calculate a4,

fm Ty *lfm+1 * fm+2'
1iding fm through fm+1 will obviously turn out to
sq = 0 and fm+2 = fm’ which follows from the £

1,4q 21, and ().

. following step is to divide fm through fm

+1 +2 W

A through fm’ which also will be unsuccessfully

iecond time Uq = 0.

m this the theorem follows.

y thus, the

f rk+1.

one factor
ding terms o

+2 from:

successfully

leans dividin

(™) and fozx
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Storage allocation

i section contains the procedure declarations of the procedures

" and ERASE BUT RETAIN.

rover,the consequences of a-garbage collection method are discussed.

it the procedure COPY is reproduced which becomes equal to a copy
‘he formula:.f, in a possibly changed form, depending on the actual
meter F SPECIAL.

" is used within: ERASE BUT RETAIN, within CC the complex conjugating
:edure and within SUBSTITUTE.

5 possible to give as actual parameter for F SPECIAL a Boolean
.edure which, as a side effect, changes the value of f in the proce-
- body of COPY (see CC and SUBSTITUTE).

procedure COPY can also be used in case some formula should be
lified which is not stored in expanded form (i.e. expand = false).
then should change the value of expand into true and use as actual
meter the Boolean procedure TRUE declared by:

ean procedure TRUE(f); integer f; TRUE := true;

follows the reproduction of COPY and ERASE BUT RETAIN.

ment This is a part of the general system:

ger procedure COPY(f,F SPECIAL); value f3 integer f3
ean procedure F SPECIAL;

n integer t,ab; if F SPECIAL(f) then

gin COPY:= f;5 goto END ends t:= TYPE(f,a,b);

t = sum V t = difference V t = product V t = quotient

t = power then

gin a:= COPY(a,F SPECIAL); b:= COPY(b,F SPECIAL);
COPY:= if t = sum then S(a,b) else if t = difference

then D(a,b) else if t = product then P(a,b) else

if t = quotient then Q(a,b) else POWER(a,b)

d else if t = function V t = integral power then

gin b:= COPY(u,F SPECIAL); COPY:= if t= integral power
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then INT POW(b,a) else if a = expf then EXP(b) else
if a = Inf then LN(b) eise if a = sinf then SIN(b)
else if a = cosf then COS(b) else if a = arctanf
then ARCTAN() else SQRT(b)
:nd else if t = aumber then
egin real 1,3 VALUE OF NUM({f,r,i)s COPY:= CN(r,i) end

dse if t© = polynomial then

egin integer i,x3 integer array colO:als
COEFFICIENT (f,a,x,c0)3
for i:= 0 step 1 until a do colil:= COPY(colil,F SPECIAL);
x:= COPY(x,F SPECIAL); COPY:= POL(i,a,x,colil)

:nd else COPY:= f3

ID: end COPY;

xcedure ERASE BUT RETAIN(i,lb,ub,fi)s integer i,ib,ub,fis
rﬁg 1;9;1; i= 1b steE 1 until ub gg fiz= COPY(fi,FIXED);
ERASE; for i:= b step 1 until ub do fi:= COPY(fi,FIXED);
LOWER INDEX

1 ERASE BUT RETAIN;

was already said in section 7, a call for the procedure ERASE BUT
'AIN should be preceded by two calls for FIX, then the formulae given
fi, i = 1b, ..., ub, which may be stored together with other formulae
the program after the two calls for FIX, are restored by COPY in such
ray that they occupy the minimum amount of storage space; the other
mulae are all erased.

should be noticed that the Boolean procedure FIXED is used to deter-
ie whether the formulae fi or constituants of fi are stored before the
) statements FIX were executed; in that case the copying process is

'‘minated and COPY becomes equal to the formula which it should copy.
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should be very carefull in using the procedures ERASE and ERASE
RETAIN. It 1s forbidden to use a formula which was erased by a

. for ERASE or ERASE BUT RETAIN, otherwise it is very easy to get a
.strophe by obtaining e.g. the formula f = a + f. OQutputting this
wla would result in:

.+ta+a+a+ ... .

e the fi get in general other values by a call for ERASE BUT RETAIN,
should be taken not to get a situation exemplified by:

FIX; 813 £ := g := S(a, P(b, c)); S2; ERASE BUT RETAIN{1, 1, 1, f);
hich 81 and S2 are statements by which other formulae then f and g
stored.

r execution of these statements f corresponds to the formula a + b ~ c,
ver, g does not need to correspond any longer to this formula.

act, these statements should be followed by the statement g := f.
above remarks show the dangers in using the erasing procedures.

consequences of using a garbage collection method, instead of the
easy but dangerous (with respect to erasing) method which is used

he general system, are now discussed.

certain (but arbitrary) moment, during the execution of & formula
pulating program, there exist two sets of formulae.

set, called FIXED, consists of all those formulae which will be
later on; the other set consists of all those formulae which may

rased.

ze that all formulae which are stored to build up another formula T,
the P(b, c)in f := S(a, P(b, c)), should also occur in FIXED; after
» use they should be removed from FIXED, since then they are protected

erasing through the appearance of f in FIXED.

me moment it may turn out that not enough storage space 1in the

iter 1s left (this has to bechecked at several appropriate places

in the storing procedures and in the procedure CONVERT).

all formulae which may be erased should actually be erased, and the

tlae 1n FIXED should be restored in order to get free storage space.
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s means that the formulae in FIXED should be kept on a list (called
r).

can choose for LIST the integer array LIST[l:?OOQ] (which of course
also be an own integer array).

s>rmula of FIXED refers to some place i in LIST, while LISTEG refers

the internally represented formula.

following procedures can be used for storing and removing a

nula on--and-~from LIST:

eger procedure SOL(f); value T3 integer 3

in comment pl 1s used as pointer for LIST;

SOL := pl := pl + 1; LIST[pl] := £

.o

cedure RFLj pl := pl - 1;

means of SOL and RFL, the procedure S of section 2 may be changed

O:

eger procedure S(a, b); value a, by integer a, b;

in integer al, bi; al := LISTEJ; b1 := LISTEﬂ;
RFL; RFL;

LIST[%erd]then b1 else

S := SOL(if a’

LIST [zero]then al else

if b1

STORE(al, sum, bl1))

yiece of program might be:

SOL(STORE(0, algebraic variable, 0));

SOL(STORE(O, algebraic variable));

S(x, ¥)s
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ition of this pilece of program would deliver a correct formula for
>wever x and y are removed from LIST and they cannot be used any

:r,

>ver, if the last statement was followed by: g := S(f,f), then f is
7ed from LIST and what is worse, pl is automatically decreased too
witomatically decreasing the pointer pl, however, would result in
-ng all formulae on LIST and the obtained system would be equivalent

tore complicated then the general system of this report.

ler way of construction is to let the formula identifiers refer
'tly to the internal representation of the corresponding formulae.

should however be put on LIST.

11s construction 1t is no longer possible to let the garbage col-

.on routine restore the formulae. Since then the value of the

Ula identifiers would no longer correspond to the corresponding

ilae and 1t is impossible to change this value.

itorage places containing formulae which may be erased can be flagged,
ich a way that new formulae are stored in these flagged storage

'S

ould then have instead of the above piece of program:
STORE(O, algebraic variable, 0); SOL(x);

STORE(O, algebraic variable, 0); SOL(y);
LIST[S(SOL(x), SOL(y))]; RFL; SOL(f);
LIST[S(SOL(f), SOL(F))]; RFL;

ce that in this construction the expression LIST|zero|, occurring

e procedure body of S, has to be replaced by zero).
usly this is an awkward construction.

ould be remarked that choosing a method by which the formulae
may be erased appear on a list, 1s as bad as the above shown method.

then one should also have a list of formulae which may not be

d.
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nple: f := P(zero, a) should be executed, such that a is placed on
list of eraseable formulae, however a may be a formula which still

needed later on-

seems likely that introducing a garbage collection system in a process
be described in ALGOL 60, will lead to a similar construction as

wn above.

cluding,>if one takes for granted the way the formulae are erased
described in the first part of this section and in section T, then
method by which formulae are treated by the general system is much

ier to use than a garbage collection method.

is remarked that writing the general system in ALGOL 66, using the
- concept: record, the above displayed difficulties in storage allo-
ion no longer exist, since the treatment of records themselves

olves a garbage collection method.
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Supplementary equipment

't the procedure DER is reproduced which calculates the derivative

. formula f with respect to the algebraic variable x (for x even
rbitrary formula may be substituted).

formula f may be given in expanded as well as in not-expanded form.
result of differentiating a polynomial is, when expand = true, a

1lified polynomial.

ment This is a part of the general systems;

ser procedure DERI(f;x); value f,x; integer f,x;

n integer t,a,bs t:= TYPE(f,a,b)3
1 = x then DER:= one else

.t = sum then DER:= S(DER(a,x),DER(b,x)) else

.t = diiference then DER:= D(DER(a,x),DER(b,x)) else

't = product then DER:= S(P(DER(a,x),b),P(a,DER(b,x))) else
t = quotient then DER:= Q(D(P(DER(a,x),b),

P(a,DER(b,x))),P(b,b)) else
power then DER:= P(f,DER(P(b,LN(a)),x)) else

integral power then DER:=

il

{
t
P(IN(a),P(INT POW(b,a-1),DER(b,x))) else

t = polynomial then

li

gin integer i,y; integer array coeff[0:al; COEFFICIENT(f,a,y,coeff):
DER:= S(POL(i,0,a,DER(coeff[i],x)),
POL(i,0,a,if i = a then zero else P(IN(i+1),P(coeff{i+1],DER(y,x)))))

g else

t = function then
gin integer ds d:= DER(b,x)3
DER:= if a = expf then P(f,d) else
if &= Inf then P(NT POW(b,-1),d) else
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if a = sinf then P(COS(b).d) else
if a = cosf then P(min one,P(SIN(b),dj) else
if a = arctanf then P(Q(one,S(one,P(b,b))),d) eise

P(Q(RN(, 5),f),d)
g_(i else DER:= zero
ZDERg

next procedure to be reproduced is CC whiech calculate
jugate of a formula f. It is assumed that all algebrai
real algebralc variables.

s the complex variable z, e.g. should be replaced by x
the algebraic variables are not real then the procedur
ropriately being changed in such a way that it defines
jugate of the algebraic variables.

s, however, implies that there should exist besides th
iables also their complex conjugates which may be give

rhs quantities (see section 5).

nment This is a part of the general systems;

sger procedure CC(f); value f3 integer f3

yin Boolean procedure CHANGE(g); integer g3

L?igii integer EW o ii;, TYPE(g,a,b) = number A a = complex
begin real r,i3 VALUE OF NUM(g,r,i); g:= CN(r,~i); CHAN
end else CHANGE:= false

:nds
2C:= COPY({f,CHANGE)
L CCg

the procedure SUBSTITUTE is reproduced. SUBSTITUTE be
ormula f in which all constituants given by argument i

changed into the formulae value i (i = 1, ..., n).

comple

ables

GE sho

omplex

braic

he 1lhs

rue
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in particular, f happens to be a polynomial and the dependen
ible x of f occurs as one of the arguments, then f is transfc
an extended sum in which the x is replaced by the value of 1

:sponding argument.

ment This is a part of the general systems;
ser procedure SUBSTITUTE(f,ilb,ub,argument i,value i);
flo,ubs integer f,ilb,ub,argument i,value i3

fe gw

integer array argument,value[lbzub ]

iolean procedure SUBST(g); integer g3
gin integer ab,i,j; if TYPE(g,a,b) = polynomial then
begin integer x3 integer array coeff[0:als
COEFFICIENT (f,a,x,coeff);
for i:= Ib step 1 until ub do

begin if x = argument[i] then
g:= Sum(j,0,3,P(SUBSTIT UTE(coeff[jl,b,lb,ub,argument[t ],
value[b ), INT POW(valuelil,j}))s
SUBST := trues goto END
end ends for 1:= Ib step 1 until ub do
begin if g = argument[i] then
begin g:= valuelil; SUBST:= true; goio END end
gn_gics SUBST := ﬁ?:.‘f;E;
D: ends
» iz=1b step 1 until ub do
zin argument[il:= argument i3 valuelil:= value i end;
BSTITUTE:= COPY(f,SUBST)
SUBSTITUTE;
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ally the procedure COEFF OF PRODUCTS is reproduced. Given a formul
nd an array: productlj:n], by which n products are given, then the
ult of executing COEFF OF PRODUCTS is that the variables coeff[i],
, ++.s N, become equal to the formulae defining the coefficients

the products in f. Thus, for example, if
. X
f=zx»a=b+y*asxb+zxb=c>e

. product [ﬂ = a »* b, product [2:[ = ¢ =~ e* then coeff[’ll and coeff‘r_Z

1 get the values of the formulae x + 7y and z =D respect'ively.

is required that:
1. expand = true,

2. the products do not contain the operators +, - and /.

nment This is a part of the general systems;

yeedure COEFF OF PRODUCTS(f,n,prod,coeff)s value f,n3

eger f,ns integer array prod,coeffs

sin infeger k,i,j,q,r,pse3 integer array Al0:11,B[1:1,1:1,1:1]3
{ 7 expand then f:= zeros CONVERTI(f,B,A,true)s
regin integer array ali:A[0,0:A[1]1:2],L,exp,TF[0:A[0]];
FIX; FIX; CONVERT(fgangiﬁli@; SIMPL2REPR(a,L);
for i= 1 step 1 until L[0] do
begin TF[ik= ali, 0,11 if TYPE(ali,Llil1];jk) = function A

i = expf then

begin explil= k3 Liik= L[il - 1 end else explil= zeros
for = 1 step 1 until L[i] do
TF[ilk= P(TFLLINT POW(ali,i,1l}ali,j,2])
ends for ks= 1 step 1 until n do
begin p:= SIMPLIFY(prodlk}; e:= zeros
if TYPE(p,q,r) = function A q = expf then
begin p:= one; e:= r end else
if TYPE(p,q,r) = product then
begin if (TYPE(r,i,j) = function A i = expf) then




gin p:= g3 e:= j end
coefflk}:= zero; for i:= 1
n q:= QUOTIENT(TFIil,p,r
‘expli] + zero Ve ¢ zero
= Plq,EXP(D(explil.e)));
efflk]:= S(coefflkl,q)

RASE BUT RETAIN(i,1,n,
DEFF OF PRODUCTS;

{c
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Outputting

neans of a simple actual program the procedures OUTPUT and OUTPUT
[ABLE will be introduced.

st of not declared procedures is used, these are MC standard
cedures; see [5{1. The effect of execution of these procedures

first described:
cedure NLCR; gives the printer a New: Line Carriage Return command.
cedure ABSFIXTMn;y-m, x)j value n, .m, X; integer n, my real X;

prints the value of x without its sign in fixed point notat
n decimals before and m decimals behind the decimal point.
In case m = 0 then the printing of the decimal point is

skipped.
cedure FIXT(n, m, x)}; value n, m, X; integer n, m; real X

has the same effect as ABSFIXT, now however the sign of x i

also printed.
cedure FLOT(n, m, x); value n, m, X; integer n, m; real X;

prints the value of x in floating point notation: n decimal
of the mantissa and m decimals of the exponent (with the ba

10).
cedure PRINTTEXT(s); string s;
prints the string s without the string quotes { and t.

the actual program, which does some particular formula manipulati

fact, polynomial manipulation, is reproduced, followed by the res
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TALIZE;
ment RPR 290466/063
\I. PROGRAM:
n
mment The following calculation originated from th
Handbook of Mathematical Functions [12], page 15,
formula 3.6.24:
Let
s[1} = POL(i,5,x,if 1 = 0 then one else alil)
(in ordinary notation:
sl1l=1+alllxx+ ... +alBlxxA5),
calculate then the c[i] in:
s[3] = POL(i,5,x,cli)),
which is the truncated power series, in the variabl
f(s[1)) = S(one,LN(s[1])
(in ordinary notation: f(s[1]) = 1 + In(s[1)) ).
The calculation is performed along the following st
Calculate the first five derivatives d[1], ... ,d[5]
respect to s[1l.
Substitute s{1] = one in d[il.
Calculate the coefficients b[il in:
gly) = POL(i,5,y,bliD,
~vhich is the truncated power series, in the variabl
f(S(one,y)) (in ordinary notation: f(1 + y)),
Calculate the cli] by substituting y = D(s[1],0ne)

in ordinary notation: y = s[1] - 1), in g(y).s

eger f,g,%,y,i,i,fact; integer array al1:5},b,d[0:5],s[1
cedure PR(s); string s; PRINTTEXT(s);

ycedure OUTPUT(f); value fs integer f;

gin integer t,a;bs t:= TYPE(f,ab); if 7 expand then

r

ith

YH
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zero then PR(0}) else if f = one then PR(1}) else
sum V t = difference V t = product V t = quotient V

wer then

if t = quotient A expand then PR({(}); OUTPUT(a);

= sum then PR( + }) else if t = difference then PR - +)
s if t = product then PR({ x }) else if t = quotient then
in if expand then PR({)/C}) else PR({ / }) end else

4 A }); OUTPUT(); if t = quotient A expand then PR({):})
lse

function then

if a = expf then PR(fexp(}) else if a = Inf then PR(InG})

> if a = sinf then PR({sin(}) else if a = cosf then PR(cos(})
s if a = arctanf then PR(4arctan(}) else PR({sqrtCh);

TPUT(b);s PR})

1se

integral power then

PR({(}); OUTPUT(b); PR(IA})s ABSFIXT(2,0,a) end else
number then.

_ integer i3 real ra,ias PRHM);

v = integer then

in VALUE OF INT NUM(£,i); FIXT(entier(in(abs(i))/
.30258509299 + 1.00001),0,i)

. else

1 = real then

sin VALUE OF REAL NUM(f,ra); FLOT(12,3,ra) end else

in VALUE OF COMPLEX NUM(f,ra,ia); FLOT(12,3,ra); PR4});
"LOT(12,3,ia)

15 PRE)F)

1se

: polynomial then

_integer i,x; integer array coeff[0:als
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COEFFICIENT (f,a,x,coeff); for iz= 0 siep 1 until z do
begin PR(4(})s OUTPUT(coeff[il)s PR x (}); OUTPUT(x)3
PR({JA}); ABSFIXT(2,0,i); if i < a then PR + })
end
end else OUTPUT VARIABLE(f);
if 7 expand then PR({)})
d OUTPUT;

ocedure OUTPUT VARIABLE(f); value f; integer f3
comment The structure of the following procedure body could b

O

made more simple, this structure, however, indicates how the

Ihs and rhs quantities of an algebraic varisble can be used
in a case where a large number of algebraic variables occur
gin integer i,lhs,rhs; switch CASE:= X,Y,S1;
procedure Alg,s)s integer g string s:
i £ =0 then
begin 1= 1 + 15 g:= STORE(1,algebraic variable,i) end

else begin PR(s); goto END ends

if =0 then

oegin for ix= 1,2,3,4,5 do alil= STORE(2,algebraic variable,i)s
iz= 03 goto CASE[1]

znd else

segin TYPE(f,lhs,rhs); if lhs = 1 then goto CASE[rhs] else
begin PR{a[}); ABSFIXT(1,0,rhs); PR H); goto END end

>nd;

Alxdxh)s

Alysdyh)s

: Als[1l4ds[1 1)

D: end OUTPUT VARIABLE;
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3IN OF CALCULATION:

'LCR; PR(results of calculation RPR 290466/063});

YUTPUT VARIABLE(0); FIX;

IP 1: NLCR; PR(s[1] = 3);

'IX; OUTPUT(POL(i,5,%,if i = 0 then one else ali]); ERASE;

'IX3 FIX; d[0)= S(one,LN(s[1])s

ILCR; PRWf(s[1]) = $); OUTPUT(4[0D;

or i:= 1,2,3,4,5 do dlili= DER(d[i-11,s[1]s

EP 2: for i= 0,1,2,3,4,5 do dlil= SUBSTITUTE([il,j,1,1,s[1],0ne);

EP 3: fact:= 13 b[0]:= d[0]; b[1]= dl1];

or i:= 2,3,4,56 do

iegin fact:= fact X i3 blik= Q(dlilIN(fact)) end;

IRASE BUT RETAIN(i,0,5,b[i]);

FIX; g:= POL(i,5,y,bli]); NLCR; PR({g(y) = })3 OUTPUT(g);

s[1}= POL(i,5.x,if i = 0 then one else alil;

somment The easiest way to perform step 4 would be to use the
statement: s[3):= SUBSTITUTE(g,i,1,1,y,D(s[1],0ne)),

the following statements are, however, more efficient with

respect to storage space. The first statement serves to erase
the polynomials g and s[1];

iRASE;

EP 4: s[2]:== POL(i,5,%,if i = 0 then zero else ali;

s[4]:= one; s[3]= b[0];

or i= 1,2,3,4,5 do

segin FIX; FIX; sl4]:= P(s[4],s[2D;
s[3]:= S(s[3],P(blil,sl4]);
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ERASE BUT RETAIN(j,3,4,s[iD

i3

.CR; PR(s[3] = $);5 OUTPUT(s[3)

comment the next end corresponds to the begin of the

ral systems

t tape for RPR 290466/06°

lay-out of the following results is slightly modified by hand,

rticular, the unsignificant zeros in numbers are removed,

mplex number a + {b is printed as (a, b),

lts of calculation RPR 290466/06

=W x A 0 +@1)x A 1 +GI2Dx A 2 +
3D x A 3 +@ 4D x A 4 +@5Dx&A 5

) =1 + In(s[1)

=M x (yA 0+ @ x PA 1T + (=.5)) x yn 2 +

,333333333333,- 0 ) x (A 3 + ((-.25 ) x (y)h 4 +

20 x A 5

W) x A 0 +@l1)x &A1 o+

BIx @1 DA 2 +al2Dx ®A 2 +

,333333333333- 0 ) x (a1 DA 3 + (-1 )xal2 Ixal1]+

[3Dx &A 3 +

25 ) x @l 1 DA 4 +al2Ixl1 DA 2 + (1) xal3]x

l1l+C5)x@2M 2 +al4])x b 4 +

2)x@@l1Dh 5 +G1)xal2]xl1 D 3 +

[3lx@G1Dh 2 +G2DA 2 xal1l+(<1)xal4d]x
alll+(1)xal31xal21+al5 ) x &AL 5
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Inputting

this section an actual program is described, which reads a so-called
nula program from input tape.

ser who does not want to build his own system and who does not want
70 through the details of the foregoing section can prepare an

ut tape, the form of which is- described below, which activates the

ual program to dc manipulations with formulae.

isadvantage of using this- way of formula manipulation is that it

not possible to combine the formula manipulation with other capabili-
s provided by ALGOL 60; calculations with ordinary and complex

bers are, however, possible. This combination is of course very well
sible if one makes a special actual program as exemplified in the

egoing section.

the sequel the meta-linguistic variable identifier will not only
used in the strict sense of the ALGOL 60 report, but also in a more

eral way, defined as follows:

entifier> ::= <letter>|<digit>|<identifier><letter>
<identifier><digit> |
<identifier><lay out symbol>|

<identifier> [<unsigned integer{[

which a lay-out symbol, as far as the Mathematical Centre equipment
concerned, may be a space, a tabulator symbol, a new line carriage

urn symbol and a point.

mple:
X
x1
1
£[1]
Test program.

INT POW
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lgebraic variable and a formula designator, already defined in

lon 3, will now be redefined by:

‘algebraic variable> <identifier>

Il

‘formula designator>

<identifier>

nput tape to be used for the formula manipulation, should be
wred in such a way that the following numbers and instructions

*on 1t in the indicated ordering.

. integer (2 0) defining the maximal degree of the to be used

lynomials.,

real number defining the absolute accuracy with which the computer
S to execute the numerical calculations. (For the X8 Computer of t

. . ) -1
thematical Centre this accuracy can e.g. be set equal to 10 O)

integer number which has to be 1 if the system has to expand the
rmulae in order to simplify them.

this number is not equal to 1, the system will handle the formula
they are written, except for trivial simplification consisting of
leculating numbers. (i.e. Qlemw(1,1), CN(1,=-1)) is changed into

(0,1), or in ordering notation: (1+#1)/(1-1) is changed into i).

integral number defining the number of to be used formulae desig-

;ors and algebraic variables.

integral number defining the maximal number of characters by whicl
> identifiers of the formula designators and algebraic variables

> built up (including possible lay-out symbols which do not occur

the very beginning).

» following special identifiers, separated by a comma and closed

a semicolon:

'PUT, FIX, ERASE, ER B RET, NLCR, COEFF, END,

, zero, S, D, P, Q, POWER, INT POW,

RN, CN, POL, EXP, LN, SIN, COS, ARCTAN, SQRT, Sum,
» SIMPLIFY, CC, SUBST, QUOTIENT, COMM DIV,
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T7.The formula manipulation:-instructions.

The formula should be put on tape in the form as defined in section 3,
with the following restriction:
the form of an extended sum, a polynomial and a result of substitutions

should be as syntactically defined below:

<formula list> ::= <formula>|<formula list><separator><formula>
<separator> ::= , |;

<extended sum>::= Sum(<integer><separator><formula list>)

<polynomial> ::= POL(<integer><separator><algebraic variable><separator>

<formula list>)

<result of substitution> ::= SUBST(<formula><separator><integer>

<)

<separator><formula list><separator><formula list>)

For convenience sake, the symbols S, D, P, Q and POWER may be replaced
by the symbols +, -, *, / and +; moreover the corresponding brackets
may be leaved out.

Thus, S(a,b) may also be put on the tape as +a,b.

Although it was necessary to introduce algebraic variables before they
were used, in the actual program as described in section 14, it is no
longer necessary here (it is even impossible).

If the actual program encounters a new identifier in a formula then this
identifier is automatically recognized to be an algebraic variable or

a formula designator.

The form of the formula manipulation instructions is the form of a

formula program syntactically defined below:
<formula program> ::= END;\<compound formula statement>; END;

<compound formula statement> ::= <formula statement>

<compound formula statement>; <formula statement>

<formula statement> ::= FIX|ERASE|NLCR |
<formula assignment statement>

<calculation of coefficients statement>|

) The first formuta list should be replaced by formula designator list.
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<erase but retain statement> |

<output statement>
wla assignment statement> ::= <formula designator> := <formula>

ulation of coefficients statement> ::= COEFF(<formula><separator>
<integer><separator><formula list><separator>

<formula designator list>)

e but retain statement> ::= ER B RET(<integer><separator>

<formula designator list>)
wt statement> ::= QUTPUT(<formula>)

wla designator list> ::= <formula designator>|<formula designator

list><separator><formula designator>

‘orm of a formula program, just defined, should satisfy the

wing conditions:

e formula lists and the formula designator lists should contain a
mber of respectively formulae and formulae designators, equal to

e actual value of the integer occurring as a parameter in the

rmula program just before the occurrence of the lists; except in
polynomial, where the formula list should contain one extra formula

an is defined by the integer.

ample:

m(5; one; x; INT POW(x,2); INT POW(x,3); INT POW(x,k4))

d POL(3, x, cf_(—)j, CJ:TJ, cEEJ, cT_-?J)

ch formula statement ERASE should be preceded by a formula state-
nt FIX.

th the exception of the very first one; in the actual program
self an initializing call for the procedure FIX, equivalent with
e formula statement FIX, occurs.

reference to this exception is made furtheron.

ch erase but retain statement should be preceded by two consecutive

rresponding calls for the formula statement FIX.
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he formula statements ERASE and erase but retain statements should
yecur in the formula program pairwise with corresponding formula

statements FIX.

effect of the different formula statements are now briefly described
~ a more detailed description, the reader  is referred to the corres-

iing sections of this report).
>rmula assignment statement: The formula designator becomes a formula.

iple:
= Sum(5; one; x3; INT POW(x,2); INT POW(x,3); INT POW(x,4))

formulae built up (assigned to formula designators) before a call
FIX are protected against the erasing effect of a call for ERASE,

1 call for an erase but retain statement, later on.

3E: formulae built up after the last time FIX was called, are erased,
s:over the effect of FIX 1s cancelled.

is remarked that possibly introduced algebraic variables and formula
ignators after the last call for FIX, remain in the identifier list,
se discussed further on, but loose their significance*o. Introducing
se algebraic variables and formula designators again after the

3E formula statement, leads to new significances.

nple of a compound formula statement:

y £ := +a,b; ERASE; FIX; f := -a,b; ERASE

srase but retain statement: The formulae built up after the last two
secutive calls for FIX are erased, except for the formulae with
nula designators occurring in the formula designator list. The effect

the two calls for FIX 1s cancelled.

nple of a compound formula statement:
s FIX; f := +y,x3; g := -a,b; h := =a,b; ER B RET(1,8);
; FIX; £ := /a,g; p := tb,g; h := EXP(p); ER B RET(1,p)

1}

except for those formula designators which refer to formulae which

are not erased.
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> execution of these statements only a, b, g and p have maintained
» significance; X, y, f and h have loosed their significance and

do not refer anymore to formulae (see the note on the preceding page).

.culation of coefficients statement:

1 some formula f as the first parameter of COEFF, given the integer
0) as the second parameter of COEFF, given n formulae Pys +ees Dy

1e formula list as the third parameter of COEFF, which do not contain
Jperators +, -, /, given n formula designators Cys eevs C in the

tla designator list as the fourth parameter of COEFF, then the effect

11s formula statement is:

‘ormula designators ci(i =1, ..., n) become equal to formulae which

ust the coefficients of the formulae (in general products) 1 in f.

le:
(8(> = x, a, b, S(>*y, a, b, *z =~b >~c, EXP(x)));
23

* a, by = c, EXP(x);

coefij; coeffﬁﬂ)

he effect that coeffD] and coeffﬁﬂ become equal to the formulae

and =z,b respectively.
a New Line Carriage Return command is given to the printer.

tput statement: The formula occurring as the parameter is printed

dinary notation.

le of a formula program:

OUTPUT (Test );OUTPUT(program );NLCR;

Sum(3, one, x, INT POW(x,2));

I(f); NLCR; OUTPUT(S(one, x)); NLCR;

I'(end of );OUTPUT(Test )3;OUTPUT(program.);END;

rinted result is:
program

+ x 4+ 2

f Test program.
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: shoukd be taken for the following points:

[he lay out symbols: space symbol, tabulator symbol, and nlcr
symbol, occurring at the very beginning of an identifier are skippe
>y the program.

Jithin an identifier, they: have .the significance of an ordinary
sharacter. Therefore the spaces in ER B RET should not be forgotter

in using an erase but retain statement.

Jsing the output statement for printing some text, as above, it is
10t allowed to’ place in this text the following characters: +, -,
s /s =5As 55 s 35 (5 )s | (the last character is used to form +

5y putting first | and then Aon input tape).

t follows the reproduction of the actual program:

TIALIZE;
nment Input program for GENERAL SYSTEM for FORMULA
TIANIPULATION RPR 290466/053
JAL PROGRAM:
in integer idp,s,symbol,next symbol, numb of id,length of id;
wmb of id:= read; length of id:= reads if length of id < 8 then
ength of id:= 83
iegin switch CASE:= OUTP, Fix,Erase,Erase but retain,Nlcr,
Coeff , END3;
integer array identifier list[1:numb of id + 32,-1:length of idl;

procedure PR(s); string s; PRINTTEXT(s);
procedure OUTPUT(f); value f; integer f3

comment at this place the procedure body of the procedure
OUTPUT declared in the before going section should be
inserteds

procedure OUTPUT VARIABLE(f); value f; integer f;

begin integer i,i; TYPE(f,j,i); if j = 1 then

begin for j:= 1 step 1 until identifier listi,0] do
PRSYM (identifier 1listli,jJ)
end end OUTPUT VARIABLE;
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integer procedure SYMBOL:

begin symbol:= next symbols next symbols= RESYMj3
if symbol = 64 then SYMBOL:= 10 else
if symbol = 65 then SYMBOL:= 11 else
if symbol = 66 then SYMBOL:= 12 else
if symbol = 67 then SYMBOL:= 13 else
if symbol = 127 A next symbol = 80 then

4]

i

begin symbol:= next symbol; next symbol:= RESYM3; SYMBOL:= 14

end else

if symbol = 98 V symbol = 99 V symbol = 87 V symbol = 91 V
symbol = 90 V gymbol = 70 V symbol = 93 V symbol = 118 V
symbol = 119 then SYMBOL:= SYMBOL else

begin integer i,j,length; integer array identifier[i:length of idl;

identifier[1 k= symbol; i:= length:= 13

for is= 1 + 1 while

next symbol + 64 A next symbol + 65 A next symbol + 66 A
+ 67 A next symbol 4 127 A next symbol $ 98 A

next symbol + 99 A nexi symbol § 87 A next symbol § 91 A
+ 90 do

begin symbol:= next symbol; next symbol:= RESYM:

next symbol
next symbol

length:= i3 identifier(il= symbol
end; for i:= 1 step 1 until idp do
begin if identifier list[i,0] 4 length then goto END;
for j= 1 step 1 until length do
begin if identifier(j] 4 identifier list[i,j] then goto END end;
goto SUCCESS;
END: end; goto NEW IDENTIFIER;

SUCCESS: SYMBOL:= i3 goto OUT;

NEW IDENTIFIER: idp:= idp + 13 for is= 1 step 1 until length do
identifier listlidp,ik= identifier[il; identifier 1ist[idp,0]:= length;
identifier list[idp,-1}= 03 SYMBOL:= idp;:

OUT: end

nd SYMBOL;
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er procedure Read f3
_integer P,S,d3 switch CASE:= One,Zero,SUm,Difference,

oduct,Quotient,Power,Int pow,Integral number,Real number,
nplex number,Polynomial Exp,Ln,Sin,Cos,Arctan,Sqrt,

V[, Derivative,Simpl,Complex conjugate,Subst,Quot,Comm divs
SYMBOL; if s > 32 then goto Identifier else goto CASE[s-71l;
Read f:= one; goto END;

. Read f:= zero; goto END;

Read f:= S(Read f,Read f); goto END;

rence: Read f:= D(Read f,Read f); goto END;

ict: Read f= P(Read f,Read f); goto END;

ent: Read f:= Q(Read f,Read f); goto END;

r: Read f:= POWER(Read f;Read f); goto END;

>w: Read f:= INT POW(Read f,read)s goto END;

rative: Read f:= DER(Read f,Read f); goto END;

olex conjugate: Read f:= CC(Read f); goto END;

i1omial: ds= reads;
rin
= Read f3 :1:93 i:= 0 step 1 until d 99_

soeff[ili= Read f; Read f:= POL(i,d,x,coeff[i])

H goto END;

integer x,is integer array coeff[0:dl;

ral number: Read f:= IN(read); goto END;
number: Read f:= RN(read); goto END;

slex number: Read f:= CN(read,read); goto END;
Read f:= EXP(Read f); goto END;

Read f:= LN(Read f); goto END;

Read f:= SIN(Read f); goto ENDj

Read f:= COS(Read f); goto END;

in: Read f:= ARCTAN(Read f); goto END;

Read f:= SQRT(Read f); goto END;

; d:= read; Read f:= Sum(s,1,d,Read f); goto END;
1: Read f:= SIMPLIFY(Read f); goto END;

2 s:= Read f; p:= read;
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begin integer array arg,valll:pls

for ds= 1 step 1 until p do argldk= Read f;
for d:= 1 step 1 until p do valldl:= Read f3
Read f:= SUBSTITUTE(s,d,1,p,argld},valld)
end; goto END;
Quot: p:= Read f; d:= Read f; s:= SYMBOLs3
Read f:= QUOTIENT(p,d,identifier list(s,-1];
goto END;
Comm div: Read f:== COMMON DIVISOR(Read f,Read f); goto END;
Identifier: if identifier listls,-1] +0 then Read f:=
identifier list[s,-1] else Read f:= identifier list[s,-1)=
STORE(1,algebraic variable,s)s
END: end Read f;

iGIN OF INPUT PROGRAM:

idp:= 05 next symbol:= RESYM;

if next symbol + 91 then begin SYMBOL; goto A end;

IXT: s:= SYMBOL; if s > 32 then goto Store else goto CASE[s];
ore: identifier listls,~1]:= Read f; goto NEXT;

JTP: OUTPUT(Read f)3 goto NEXT;

x: FIX3 g;g@:’g NEXT;

ase: for s:= 33 step 1 until idp do

begin if 7 FIXED(identifier list[s,-1) then identifier listls,-1k= 0
end; ERASE; goto NEXT;3

ase but retain: s:= read;

begin integer i,n; integer array gll:sl;

= s3 for i:= 1 step 1 until n do glil:= SYMBOL;
s:= IN(2);
for i:= 1 step 1 until n do identifier list[g[il,-1%=
COPY (identifier list[g[il,-1],FIXED);
for i:= 33 step 1 until idp do
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begin if 7 FIXED(identifier listli,~1]) A identifier listli,-1] < s
then identifier listli,~1}:= 0
end; ERASE;
for iz= 1 step 1 until n do identifier listlglil-1lk=
COPY(identifier listlglil,-1],FIXED);
LOWER INDEX
ends goto NEXT;
{lcr: NLCRs goto NEXT;
oeffs

begin integer i,f,n; f:= Read f; n:= reads;

begin integer array p,cll:nls

for iz= 1 step 1 until n do plil= Read f;
COEFF OF PRODUCTS(f,n,p,c)s
for i:= 1 step 1 until n do
begin s:= SYMBOL; identifier list[s,-1}= cli] end
end end; goto NEXT3
END: end

L gg_g‘ngent the next g‘r_ui corresponds to the begin of the

leral system;

action of this program is briefly described:

The program builds up a list of identifiers by means of the integer
array identifier list D : numb of id + 32, -1 : length of ii].

The special identifiers: OUTPUT, ..., COMM DIV occurring on the
input tape just prior to the-formula program, are read from input

tape in order to occupy the first 32 places in the identifier list.

The identifiers are read by means of the integer procedure SYMBOL,
which becomes equal to the index s indicating where the identifier is

stored in identifier list.
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f the identifier was a new one, then identifier list[},—1l is set
qual to 0, in order to give the program the information that a new
dentifier was just read.

n SYMBOL the non-local integer variables symbol and next symbol

re used.

he value of next symbol is the value of the internal representation
f the just read character.

he value of symbol 1is the value of the internal representation

f the last but one read character.

he characters are read with the aid of the integer procedure

ESYM, which is an MC standard procedure for the X8 (for a detailed
sscription see [1 1]).

ISYM delivers the value of the internal representation of the

2ad character.

1 order to facilitate the reading of the actual program, a table

5 given of the values of the internal representation of some

*levant characters:

64 + 91 5

65 - 93 space symbol

66 -~ 98 (

67 / 99 )

70 = 118 tabulator symbol

80 A 119 new line carriage return symbol
87 ) 127 l

90

character | is used to form the character + by putting consecutively

Aon input tape).
number 1is read by the MC standard procedure read.
e formulae are read by the integer procedure Read f.
ad f interprets a new identifier as an algebraic variable.

e value of Read f becomes the value of the location of the stored

rmula in the procedure body of INT REPR (see section 6).
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'he procedure OUTPUT prints a given formula.

Jse is made of the procedure OUTPUT VARIABLE, which prints a string
>f characters defined by the array elements of identifier list, of
in algebraic variable,

JUTPUT VARIABLE uses the MC standard procedure PRSYM(n), where n is
-he value of the internal representation of a character, which is

>rinted by PRSYM.

he effect of the statements of the actual program, following the
Label BEGIN OF INPUT PROGRAM, is now elucidated. The pointer of

identifier list, the integer variable idp, gets its initial value:

)3 next symbol becomes the value of the internal representation

>f the first read character.

The special identifiers are read in, until next symbol is the
internal representation of ; (= 91).

Depending on the next read identifier, the different formula state-

nents are executed.

ark:

Inspecting the procedure SYMBOL, it can be seen, that other forms of

formula programs may also be excepted by the actual program.

For example: an input tape containing the following characters:
£)(38,a)b: OUTPUT : f = END,

has the effect of printing a+b.

Construction of such an input tape is, however, not recommended.

Notice that the special identifiers OUTPUT, ..., COMM DIV may be
changed into other identifiers, if the corresponding special
identifiers occurring in the formula program are also appropriately
changed.

The order of these special identifiers, may, however, not be changed;

moreover they may not be built up with more than 8 characters.
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f the formulae are expanded and simplified, then the ordering

f the algebraic variables may be changed; for example, the formula
rogram f := SIMPLIFY(+a,b); OUTPUT(f); END; has the effect of
*inting b+a.

le reason for the interchange of a and b is that the algebraic
iriable a was stored earlier than b, and the value of the internal
presentation of a is therefore smaller than the corresponding
1lue of b.

1e system, then, orders a and b with respect to decreasing values
" their internal representation; and the result is b+a.

way to preserve the original ordering is exemplified by the

)llowing formula program
b :=b; f := SIMPLIFY(+a,b); OUTPUT(f); END;

tich results in printing a+b.

some particular input tapes are reproduced, containing formula
‘ams, followed by their results on execution.

rned out that about 12000 words were needed, the space for

7s and stacks not included, to store the general system and

ctual program in the X8 computer of the Mathemaiical Cenire.,

t tape 1 with formula program RPR 290466/05
procedure read skips the text between the symbols'™)
formuls program on this input tape contains the following
ilation, described in a rather loose form:

os(pi/2 - x) - sin(x),

A2 + (1 + D x x + 1)+ 2/ + D/xA2 - 1),

:re i is the imaginary unit,

part of f,

inary part of f,
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= 1/f = xA2 + (<1 + 1) x x - i,

= gr comm div(g, xA2 + 1), thus h = ¢ x (x + i), apart for
the numerical constant ¢, which turns out to be (-1 + i).

¢:= integer quotient of g over h rendering the rest r,
thus, k = 1/c X (x = 1) = (-<1/2 - 1/2 i) x (x = 1) and r = 0,

ixecution of an erase but retain statement;

it is demonstrated that g and h are retained.

:= integer quotient of g over x + 1 rendering the rest r,
thus, 1 = x + (-2 + i) and r = (2 - 2i),

5= POL(3,%,a2,b,c,d).

= a+bXx+cxxh2+dx xA3,

3y means of the auxiliary formula designator k, the coefficients
3, c2 and cl of xA3, X/M and x in g are determined,

2= f - POL(3,x,zero,b,c,d) = a.

== the formula g in which x, a, b, ¢ and d are changed into
ys dy C, b and a, '

; ;10_10 1

:0 8

OUTPUT,FIX,ERASE,ER B RET NLCR,COEFF,END,

me,zero,S,D,P,Q, POWER,INT POW,

N,RN,CN,POL,EXP,LN,SIN,COS,ARCTAN,SQRT ,Sum,

DER,SIMPLIFY,CC,SUBST ,QUOTIENT ,COMM DIV;

ILCR; OUTPUT (tape 1);

L:= onej 2:= IN(2); i:= CN(0,1)s pis= RN(3.14159265359);

2:= X x,x3 FIX;

2= SIMPLIFY(- COS(- / pi,2, x),SIN(x))s NLCR; OUTPUT(a is )j
OUTPUT(a); ERASE;

IXs FIX; f= S(Q(i,S(x2,S(P(S(1,i),x),1))),Q(Q(2,5(1,1)) ,D(x2,1)))
ILCRs OUTPUTI(f is ); OUTPUT(f); FIX;

JLCR3 OUTPUT(real ); OUTPUT(part )3
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PUT(of f is )§ OUTPUT(+ f,CC(f));

R; OUTPUT(imag ); OUTPUT (part )3

PUT(of f is )3 OUTPUT(Q(- f,CC(f),i)); ERASE;

2(1,f)3 NLCRs OUTPUT(g is )3 OUTPUT(g);

COMM DIV(g,+ x2,1)3 NLCR; OUTPUT(h is ); OUTPUT(h);
QUOTIENT(g,h,r)3 NLCR; OUTPUT(k is )3 OUTPUT(k);

R; OUTPUT(r is); OUTPUT(r);

3 RET(2,g,h);

Rs NLCRs; OUTPUT(g is )3 OUTPUT(g);

R; OUTPUT(h is )3 OUTPUT(h);

JUOTIENT(g,+ x,1,r)3

Rs; OUTPUTI(1 is )3 OUTPUTI(1);

R; OUTPUT(r is J; OUTPUT(r);

N(‘this statement is inserted in order to get rid of the
mificance of a (= zero), which would otherwise not be dor
the ERASE statement’ 2); ERASE; FIX: NLCR:
OL(3,x,a:b,¢,d)3 NLCR; OUTPUT({f is ) OUTPUT(f)3
SUBST (f513x3x)3 NLCRs OUTPUT(g is )3 OUTPUT(g);
FF(gsisx x, X x,x3 ¢3)3 k= SIMPLIFY(- g, X ¢3, X x, X X,
R; OUTPUT (k)

FF(k,1, x x,x3 c2)3 k:= SIMPLIFY(- k, X ¢2, X X,x)$

R; OUTPUT(k);

FF(k,1,x,c1); k= SIMPLIFY(- k, X c1,x)3

R; OUTPUT(k);

- £,POL(3,x,zero,c1,c2,c3);

R; OUTPUT(h is )3 OUTPUT(h);

SUBST(gs35sxsasbscsds ysdscsbsa)s

Rs OUTPUT(k is )3 OUTPUT(k);
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he lay-out of the following results is slightly modified by hand,
n particular, the unsignificant zeros in numbers are removed,

. complex number a + ib is printed as (a, D),

ipe 1

is 0

is (1A 2 + (- 1+ 1 g4odlpt 1) Xx+ (=0 =15+ 1))
eal part of f is ((-.0 .1+ 1) x x/((-.0 -.5) x XA 3 +
(=0 4.5 ) x (A 2 + (.0 -.5) X x + (+,0 +.5))

mag part of f is ((-.0 ;+#.1p+ 1 N/((-.0 -.5) x WA 3 +

(=0 4.5 ) x A 2 + (.0 -.5) x x + (+.0 +,5))

is A 2 4+ (mlgr 1 olpt 1) X x+ (.0 =1+ 1)

Cis (mlpt 1 g4lpt 1) X x4+ (Hlpd 1 -1+ 1)

is (.5 =5 ) X x + (+.5 4.5 )

is 0

cis WA 2+ (a1t 1 bllpt 1) X x4+ (-0 o~ 1+ 1)
1 iS (—'0110"" 1 9+3110+ 1 ) >< X + (_olm+ 1 9_9110"' 1 )
is x + (=.2p+ 1 ,4.1p+ 1)

Cis (#.2p+ 1 =29+ 1)

is(a)x @A 0 +x ®A 1 +@x ®A 2 +(@x A 3
risa+bxx+cex WA 2 +dx A 3
X A 2 +bxx+a

IX X + a

L

1 is a

cisd+cecXy+bx @A 2+ax @A 3
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it tape 2 with formula program RPR 290466/05
following calculations originated from the Handbook for
nematical Functions [12] page 72.
calculation is first performed without simplifying,
expand = false.
ne next formula program expand = true’

0—10 0

8
'PUT,FIX,ERASE ,ER B RET NLCR,COEFF,END,
zero,S,D,P,Q,POWER,INT POW,
:N,CN,POL,EXP,LN,SIN,COS,ARCTAN,SQRT,Sum,
L, SIMPLIFY ,CC ,SUBST,QUOTIENT,COMM DIV}

'R; OUTPUT(tape 2);

IN(3); 4:= IN(4); 8:= IN(8); FIX;

SIMPLIFY(- SIN(x 3,z), - x 3,SIN(z),

4, INT POW(SIN(z),3));

‘R; OUTPUT (formula ); OUTPUT(4.3,27 );

'PUT(f); ERASE; FIX;

SIMPLIFY(+ COS(x 3,z), - x 3,C0S(z), x 4,INT POW(COS(;
’Rs OUTPUT (formula )3 OUTPUT(4.3.28 s

'PUT(f); ERASE; FIX;

SIMPLIFY(- SIN(x 4,z), - X 8, x INT POW(COS(z),3),SIN(z
4, X COS(z),SIN(z));

R; OUTPUT (formula ); OUTPUT(4.3.29 )3

PUT(f); ERASE; FIX;

SIMPLIFY(- COS( X 4,z), x 8, - INT POW(COS(z),4),

IT POW(COS(z),2));

R; OUTPUT (formula ); OUTPUT(4.3.30 );

PUT(f);

H
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ape 2)

ormula )(4.3,27 )((sin((((+3 )) x (2)))) - ((((+3 )) x (
— (((+4 ) x (((sin((z)A 3 )

ormula )(4,3.28 )(cos((((+3 )) x (z)))) + ((((+3 ) x
~ (((+4 ) x (((cos(zINA 3 )

ormula )(4.3,29 )((sin((((+4 )) x (2)))) - ((((+8 )) x |
x (sin((z))))) - (((+4 )) x ((cos((z))) x (sin((z)))))
ormula )(4.3,30 )((cos((((+4 )) x (2)))) - (((+8 )) x (
~ (((cos(ZIMA 2 M)

nput tape 3 with formula program RPR 290466/05'
p-10 1

5 8

UTPUT,FIX,ERASE,ER B RET NLCR,COEFF,END,

ne,zero,S,D,P,Q,POWER,INT POW,

J{,RN,CN,POL,EXP,LN,SIN,COS,ARCTAN,SQRT ,Sum,

'ER,SIMPLIFY,CC,SUBST,QUOTIENT ,COMM DIV}

‘LCR; OUTPUT(tape 3)s
'he rest of this formula program is identical to
1e above formula program, but for the first two

»rmula statements.

ape 3

ormula 4.,3,27
ormula 4.3,28
ormula 4.3.29
ormula 4.3.30
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